
Solutions to K. Becker, M. Becker, J. Schwarz String Theory And M-theory

Mikhail Goykhman

goykhman89@gmail.com

Abstract

Detailed solutions to 154 of 182 of homework problems in K. Becker, M. Becker, J. Schwarz
String Theory And M-theory textbook are presented.

1 Introduction

Studying the course of String Theory and solving these problems I have extensively used text-
books of BBS [1]; GSW [2]; Polchinski [3]; Kaku [4]; Di Francesco, et al. [5]; Kiritsis [6];
Hawking, Ellis [7]; S. Weinberg [8], etc. Some of the problems given in BBS as homework
task are actually well known string theory facts which are described in papers or textbooks,
especially in GSW.

References to equations of some textbook are given here in format book (formula), e.g. BBS
(12.140) gives metric for an extremal black D3-brane. Equations without any author acronym
in front of it refer to the present paper.

This work was done by myself while I was fifth year undergraduate student at MIPT on my
Master Program and was working in BLTP JINR and carries no endorsement from K. Becker,
M. Becker or J.H. Schwarz.

2 The bosonic string

Problem 2.1
(i) String equations of motion in conformal gauge of world-sheet metric (flat metric for world-
sheet with no topological obstructions) are(

∂2

∂σ2
− ∂2

∂τ 2

)
Xµ = 0. (2.1)

These equations are satisfied by the following open string classical configuration

X0 = Bτ, X1 = B cos τ cosσ,

X2 = B sin τ cosσ, X i = 0, i > 2.

Obviously Neumann boundary conditions

X ′µ(σ = 0, π) = 0 (2.2)

are satisfied too.
3-velocity of some point on string is equal to

vi =
dX i

dX0
=

1

B

dX i

dτ
,
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modulus of which on the ends of the treated string is evidently equal to 1, and therefore the
ends of this string are indeed moving with the speed of light.
(ii) As an analogy to the point particle we can write D-momentum of points of string (we
can use Noether theorem too, and build energy-momentum tensor, from which we can get this
σ-density of 4-momentum):

P µ
α = T∂αX

µ. (2.3)

From this expression we can find the total energy of string

E =

∫
dσP 0

0 = πBT.

We can use Noether theorem to derive the density of a conserved angular momentum tensor

Jµν = T
(
XµẊν −XνẊµ

)
(2.4)

and use it to derive total angular momentum of the considered string:

J =

∫
dσ|J3| =

∫
dσJ12 =

1

2
TB2.

Obviously it takes place an equality
E2

J
= 2πT.

(iii) In conformal gauge the constraint Tαβ = 0, depicting equations of motion for world-sheet
metric, may be rewritten as

Ẋ2 + (X ′)2 = 0, Ẋ ·X ′ = 0,

which is evidently satisfied by the considered open string configuration.

Problem 2.2
(i) It’s very easy to show that the open string configuration

X0 = 3Aτ, X1 = A cos(3τ) cos(3σ),

X2 = A sin(aτ) cos(bσ), X i = 0, i > 2.

satisfies energy-momentum constraint Tαβ = 0 if

a = b = ±3.

Obviously here Neumann boundary conditions are satisfied.
Note, that there’s another fact that approves that b = ±3. This is due to the known general

solution for an open string with Neumann boundary conditions

Xµ(τ, σ) = xµ + l2sp
µτ + ils

∑
m 6=0

1

m
αµme

−imτ cos(mσ). (2.5)
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This expression may be used directly to show that center-of-mass momentum pµ and center-
of-mass coordinate xµ are equal to zero for considered string configuration. But assuming no
general formulae are known this result will be discussed in (iii).

Let’s take a look at how considered string configuration is written in light-cone coordinates

σ± = τ ± σ. (2.6)

It’s easy to calculate that this string space-time configuration divides in two parts - left-movers
and right-movers:

Xµ(σ+, σ−) = Xµ
L(σ−) +Xµ

R(σ+),

with the following expression being hold:

Xµ
L(σ−) =

(
3A

2
σ−,

A

2
cos(3σ−),

A

2
sin(aσ−)

)
,

Xµ
R(σ+) =

(
3A

2
σ+,

A

2
cos(3σ+),

A

2
sin(aσ+)

)
.

Neumann boundary conditions here are represented as

∂Xµ
L

∂σ−
+
∂Xµ

R

∂σ+
= 0, σ = 0, π.

(ii) Plot will not be drown here, but a brief description is pretty easy. The string is a polyline,
which is a 3-diameter length line, the motion of which is rotation over the circle with mentioned
diameter.
(iii) Center-of-mass momentum together with angular momentum may be directly computed
with the help of their expressions due to Noether theorem:

P µ = T

∫
dσẊµ = (3πAT, 0, . . . , 0),

J =

∫
dσ|J3| =

∫
dσ|J12| = 3π

2
TA2.

Now energy and absolute value of momentum are related to each other as E2

|J | = 6πT . Well, at
least now we have higher excitation of string than in previous problem.

Problem 2.3
(i) For fields Xµ, µ = 0, . . . , 24 open string with Neumann boundary condition is described
by expression (2.5). Because of equations of motion for string moving in flat space-time are
independent for various space-time coordinate fields on world-sheet, we should just separately
treat how Dirichlet boundary conditions

X25(0, τ) = X25
0 , X25(π, τ) = X25

π (2.7)

influence the solution of string wave equation of motion. In the theory of Equations of Mathe-
matical Physics the method of searching a Fourier expansion of wave equation with some chosen
boundary conditions is developed, which may be exploited here to write down the solution:

X25 =
σ

π

(
X25
π −X25

0

)
+X25

0 + ils
∑
m6=0

1

m
α25
me
−imτ sin(mσ).
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Momentum conjugate to this coordinate may be calculated by formula (2.3), but this is no
more a Noether expression (just an ordinary rule for computation of momentum conjugate to
coordinate) because Dirichlet condition breaks X25 condition translation symmetry. It may be
easily found that

P 25 = 2T ls
∑
m

1

2m+ 1
α25

2m+1e
−i(2m+1)τ .

This momentum is not conserved: string is impressed by an effective force of reaction in X25

direction, which holds X25 coordinate fixed. Momentum is oscillating and force is oscillating
too.
(ii) We can formulate the answer immediately:

X25(τ, σ) = X25
0 + ils

∑
m

2

2m+ 1
α25
me
−i 2m+1

2
τ sin

(
2m+ 1

2
σ

)
,

while the rest 25 coordinates are governed by equation (2.5). Non-conserved conjugate momen-
tum is equal to

P 25 = T ls
∑
m

2

2m+ 1
α25
me
−i 2m+1

2
τ .

Problem 2.4
(i) We will use the open string mass formula

M2 =
2

l2s
(N − 1). (2.8)

It’s easy to check that
N |φb〉 = b|φb〉, b = 1, 2, 3, 4,

therefore

M2
b =

2

l2s
(b− 1).

(ii) We will use the closed string mass formula

M2 =
8

l2s
(N − 1) =

8

l2s
(Ñ − 1). (2.9)

Here we got
N |φb〉 = Ñ |φb〉 = b|φb〉, b = 1, 2,

therefore

M2
b =

8

l2s
(b− 1).

(iii) Such state violates level-matching constraint of the bosonic string, and therefore it con-
tradicts to vanishing of world-sheet energy momentum tensor.

Problem 2.5
We employ commutation relations, postulated in quantum theory

[αµm, α
ν
n] = [α̃µm, α̃

ν
n] = mηµνδm+n,0, [αµm, α̃

ν
n] = 0, (2.10)
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which are actually defined for m,n 6= 0, but can be literally generalized for possible zero indices,
where αµ0 = 1

2
lsp

µ. Then it’s used a formula

δ(σ − σ′) =
1

π

∑
m

cos(mσ) cos(mσ′) (2.11)

which is delta-function representation in terms of real Fourier series. Indeed,∫
dσ′δ(σ − σ′)f(σ′) =

1

π

∑
m

cos(mσ)

∫
dσ′f(σ′) cos(mσ′) =

∑
m

fm cos(mσ) = f(σ). (2.12)

the limits of integration here depend on whether function is periodic (then the period of function
is a realm of integration) or defined on finite region of σ′-axis (then it is integrated over the
whole real axis). In both cases there’re mathematical propositions helping us to perform back
and forward Fourier transformations by such kind of a formulae. By the way (it doesn’t have
relation to this problem), complex Fourier expansion may be used to prove in the same way
corresponding delta-function representation

δ(σ) =
1

π

∑
m

e2imσ. (2.13)

Density of momentum is a D-momentum field on world-sheet:

P µ = TẊµ = T

(
l2sp

µ + ls
∑
m6=0

αµme
−imτ cos(mσ)

)
= ls

∑
m

αµme
−imτ cos(mσ).

It can be easily calculated that

[Xµ(σ, τ), Xν(σ′, τ)] = l2sη
µν
∑
m 6=0

1

m
cos(mσ) cos(mσ′) = 0.

The last transition is made because in that sum we got all terms with their negatives. Similarly

[P µ(σ, τ), P ν(σ′, τ)] = T 2l2sη
µν
∑
m 6=0

m cos(mσ) cos(mσ′) = 0.

With the help of (2.11) it can be easily shown that

[Xµ(σ, τ), P ν(σ′, τ)] = iηµνδ(σ − σ′). (2.14)

Problem 2.6
First, by definition center-of-mass coordinates are αm-independent (form 6= 0), because αm, m 6=
0 values depicts string oscillating terms, which after averaging procedure (giving center-of-mass
values) return zero values. Commutator for momentum and coordinate functions on world-sheet
(σ-densities) (2.14) after σ and σ′ integration

(∫
dσXµ = πxµ

)
,
∫
dσP µ = pµ gives

[pµ, xν ] = −iηµν .
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Using this relation we can easily prove the following:

[pµ, Jνσ] = −iηµνpσ + iηµσpν .

To prove an expression for Lorentz generator commutator there’s the simplest way: first -
to prove it for center-of mass part xµpν − xνpµ, second - to claim that Lorentz transforma-
tions as transformations of symmetry form a group, therefore oscillating terms in commutator
should be gathered in an appropriate way (this is not rigorously mathematically but reasonably
physically).

Problem 2.7
We will exploit the following formula for delta-symbol representation:∫ π

0

dσe2iσn = πδn,0

which may be obviously verified by direct calculation. Anyway, for closed string general world-
sheet configuration is

Xµ = Xµ
R +Xµ

L = xµ + l2sp
µτ +

ils
2

∑
n6=0

1

n

(
αµne

−2in(τ−σ) + α̃µne
−2in(τ+σ)

)
. (2.15)

From this expression we can easily obtain

Ẋµ = l2sp
µ + ls

∑
n6=0

(
αµne

−2in(τ−σ) + α̃µne
−2in(τ+σ)

)
.

After not too difficult and not too long calculations we will get

Jµν = T

∫ π

0

dσ
(
XµẊν −XνẊµ

)
= xµpν−xνpµ+

i

2

∑
n6=0

1

n

(
αµnα

ν
−n − ανnα

µ
−n + α̃µnα̃

ν
−n − α̃νnα̃

µ
−n
)
.

Cross-terms with α and α̃ have canceled each other after σ-integration, that is substitution
of delta-symbol representation. The last formula may be rewritten in normal-ordered form
(commutators cancel each other)

Jµν = xµpν − xνpµ − i
∞∑
n=1

1

n

(
αµ−nα

ν
n − αν−nαµn + α̃µ−nα̃

ν
n − α̃ν−nα̃µn

)
.

Problem 2.8
In light-cone gauge we got α+

n = 0, which lets us to write down Lorentz generators

Jµν = xµpν − xνpµ − i
∞∑
n=1

1

n

(
αµ−nα

ν
n − αν−nαµn

)
in light-cone coordinates as follows:

J+− = x+p− − x−p+, J±i = x±pi − xip±,
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J ij = xipj − xjpi − i
∞∑
n=1

1

n

(
αi−nα

j
n − α

j
−nα

i
n

)

Problem 2.9
The easiest way to perform calculations in this problem is: first - to separate oscillating and
center-of-mass parts, second - to consider general view of oscillating terms in commutator
[Jµν , Lm]. Suppose we perform a summation over oscillating terms in Lm with index k and over
oscillating terms of Jµν with index n. General view of oscillating term in commutator is

−i 1

2n
[αµ−nα

ν
n − αν−nαµn, αλm−kασkηλσ].

After performing summation over k we will result in

−i
(
ανm−nα

µ
n − α

µ
m−nα

ν
n + αµ−nα

ν
m+n − αν−nα

µ
m+n

)
.

Then we should perform a summation over n, change some summation indices n→ −n, permute
some multipliers in a couple of terms, commutators of which will cancel each other. As a result
we will get

−i

(∑
n>1

ανm−nα
µ
n +

∑
n<−1

ανm−nα
µ
n

)
+ i

(∑
n>1

αµm−nα
ν
n +

∑
n<−1

αµm−nα
ν
n

)
.

Now we can add and subtract n = 0 terms and get the result

−i

(
∞∑

n=−∞

ανm−nα
µ
n − α

µ
m−nα

ν
n

)
− i(αµmαν0 − ανmα

µ
0 )

First sum is equal to zero. We can just change n → m − n summation in one of the terms to
get it. The rest terms cancel with[

xµpν − xνpµ, 1

2

∑
n

αm−n · αn

]
where non-zero commutators will be only for n = 0, m as ∼ [xµ, pλ].

One concludes that every physical state is brought again to physical state by Lorentz trans-
formation, moreover the mass of state doesn’t change (the same is true about spin, which is
Casimir for Lorentz group). Therefore physical states are grouped into Lorentz multiplets.

Problem 2.10
Consider first generalized mass-shell condition on physical state

(L0 − a)|φ〉 =

(
∞∑
n=1

α−n · αn +
1

2
α2

0 − a

)
|φ〉 = 0.

Here a = 1 and simple computation allows us to rewrite this condition as(
1 +

1

2
α2

0

)
|0; k〉 = 0,
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from which it follows that α2
0 = −2 - the equation on mass of the open string in the state |φ〉.

Second, consider Virasoro constraints Lm|φ〉 = 0, m > 0. Use definition Lm = 1
2

∑
n αm−n ·

αn and consider separately terms with n > 0, n < 0, n = 0. Act with such an operator on |φ〉.
For m > 2 constraints are satisfied automatically. Cases m = 1 and m = 2 give us

L1|φ〉 = 2(A+B + Cα2
0)α0 · α−1|0; k〉, L2|φ〉 = (DA+ 2Bα2

0 + Cα2
0)|0; k〉,

and corresponding physical state conditions

A+B + Cα2
0 = 0, DA+ 2Bα2

0 + Cα2
0 = 0,

which are solved by

B =
D − 1

5
A, C =

D + 4

10
A.

Different oscillating states are obviously orthogonal to each other. Therefore the norm of
the state |φ〉 is equal to

〈φ|φ〉 = 2(DA2 − 2B2 − 4AC + 4C2) =
2A2

25
(D − 1)(26−D).

The norm is negative for D > 26 and zero for D = 26.

Problem 2.11
Closed string states with excitation numbers N = Ñ = 2 are built out of vacuum state |0; k〉
by acting with rising operators

αi−1α
j
−1, α

i
−2, α̃

i
−1α̃

j
−1, α̃

i
−2.

Such a state is massive, therefore each index is related to representation of Lorentz little sub-
group SO(25). Left-movers and right-movers parts form independently rank-two tensor rep-
resentation of SO(25) with dimension 24·25

2
= 324. The whole state forms representation of

SO(25)× SO(25).

Problem 2.12
For open string N = 3 states are

αi−1α
j
−1α

k
−1|0; k〉 24 · 23 · 22

6
+ 24 · 23 + 24 = 2600 states;

αi−2α
j
−1|0; k〉 242 = 576 states;

αi−3|0; k〉 24 states.

Total number of states is 3200.
Let’s explore decomposition of these states into irreducible representation of massive little

group SO(25). First of all note that as was discussed in the solution of Problem 2.9 physical
states group into Lorentz multiplets. Then observe that symmetric traceless rank 3-tensor with
SO(25) indices has 2925− 25 = 2900 components. Here 2925 is the number of components of
symmetric rank-3 tensor with each index of it taking 25 values, which may be derived either

8



as shown above for 24 values of each index in the context of number of states, or as dimension
of Young table with three horizontal squares. We take traceless tensors - this is expressed as
Ωiik = 0 for all 25 values of k (we can’t sum three equal indices, but nevertheless we may
perform a little generalization: denote ωk = Ωiik, then due to imposed constraints one will have∑

k ωk = 0) - this condition is Lorentz-invariant and therefore result in 2900 components. Until
this moment we were acting in a way described in BBS for N = 2 level. We shall now add
300 more states, which is the number rank-2 antisymmetric tensor components. Therefore we
result in decomposition 2900 + 300.

For closed string N = Ñ = 3 states each of described N = 3 states is accompanied with
some of the Ñ = 3 state out of

α̃i−1α̃
j
−1α̃

k
−1|0; k〉 24 · 23 · 22

6
+ 24 · 23 + 24 = 2600 states;

α̃i−2α̃
j
−1|0; k〉 242 = 576 states;

α̃i−3|0; k〉 24 states.

The structure of states is the same as for right-movers above with additional (anti)symmetrization
between left- and right-movers where it’s possible. Total number of states is therefore 3200 ×
3200.

Problem 2.13
(i) Normal ordering ambiguities arise only when m = −n (for Lm and Ln in l.h.s. they doesn’t
matter because constants will commute with operators):

[Lm, L−m] = 2mL0 + A(m),

and therefore redefinition L0 → L0 + C due to normal ordering ambiguities in quantum L0

operator definition leads to redefinition A(1)→ A(1)− 2C. This lets us to set A(1) to zero.
(ii) This is sl(2, R) algebra:

[L1, L−1] = 2L0, [L±1, L0] = ±L±1.

Indeed, replacing L1 = e−, L−1 = −e+ and L0 = H we will get commutation relations of
sl(2, R):

[e+, e−] = 2H, [H, e±] = ±e±.

Problem 2.14
We impose Jacobi identity on Virasoro operators Lm to guarantee they form an algebra. After
substitution of general central extension

[Lm, Ln] = (m− n)Lm+n + A(m)δm+n,0 (2.16)

into Jacobi identity we will result in constraint

(m− n)A(m+ n) + (n− p)A(n+ p) + (p−m)A(p+m) = 0. (2.17)
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From (2.16) it obviously follows that A(0) = 0. For p = −1, n = −m + 1 (remember that in
solution of Problem 2.13 we adjusted A(1) = 0) we get from (2.17)

(2−m)A(−m) = (m+ 1)A(m− 1), (2.18)

from which it follows that A(−1) = 0. With respect to this we can also set p = 1, n = −1−m
in (2.17) and get

(m+ 2)A(−m) = (1−m)A(m+ 1). (2.19)

Combining (2.18) and (2.19) we get a condition

A(m)(m− 2)(m− 3) = m(m+ 1)A(m− 2),

that can be rewritten as

A(m) =
m(m2 − 1)

(m− 2) ((m− 2)2 − 1)
A(m− 2).

This obviously means that
A(m) = Nm(m2 − 1).

Constant N may be fixed if, e.g. A(2) is known, therefore

A(m) = m(m2 − 1)
A(2)

6
.

Such a result is purely quantum. It means that it’s all due to normal-ordering ambiguity
in L0, which let us to add a constant to L0 to make A(1) = 0 and result in (2.18), and
so on. If we treat classical theory with algebra, determined by Poisson brackets, we have
[Lm, Ln]P.B. = i(m − n)Lm+n with no central charges as a result of 1) clear-stated definition
of L0 with no additional terms ambiguities; 2) the fact that α do commute with each other:
αµmα

ν
n = ανnα

µ
m, which has no deal with non-zero Poisson bracket.

3 Conformal field theory and string interactions

Problem 3.1
Consider infinitesimal translation and special conformal transformation:

δ1x
µ = aµ, δ2x

µ = bµx2 − 2xµb · x.

Lie bracket of this two transformations is equal to

(δ1δ2 − δ2δ1)xµ = ωµνx
ν + λxµ,

where ωµν = 2(bµaν − aµbν), λ = 2a · b are parameters of Lorentz rotation and scaling dilation
transformations.
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Problem 3.2
We deal with SL(2, R)× SL(2, R) generators (l0, l1, l−1)

⋃
(l̄0, l̄1, l̄−1). The following classifi-

cation takes place:
l−1 = −∂z, l̄−1 = −∂z̄ translations

l0 + l̄0 = −z∂z − z̄∂z̄ dilations

i(l0 − l̄0) = i(z̄∂z̄ − z∂z) rotations

The last generator actually performs transformation of the sort: z → −iφz, which is definetely
an infinetisamal rotation z → e−iφz. Special conformal transformations are generated by oper-
ators l1 = −z2∂z, l̄1 = −z̄2∂z̄ and look like z → az + bz2. Therefore we’ve covered the whole
D = 2 conformal group with generic transformations of the form of BBS (3.7).

Problem 3.3
The idea of the solution is as follows: conformal group in D dimensions has 1

2
(D + 1)(D + 2)

parameters, which is the same as for SO(2, D). Conformal group consists of Lorentz transforma-
tions (1

2
D(D− 1) generators Mµν), Poincare translations (D generators Pµ), special conformal

transformations (D generators Kµ) and dilations (generator D). In the solution of problem 3.1
it was studied Lie bracket for special conformal transformation and translation, which may be
used to find commutator of corresponding generators. Similarly, e.g., studying Lie bracket of
special conformal transformation and Lorentz rotation we find commutator

[Mµν , Kρ] = −i(ηµρKν − ηνρKµ).

Or we can actually simply use the procedure of commuting of operators using their explicit
form, e.g., Kν = i(x2∂ν − 2ηµνx

µ). As a result we will get commutators:

[Mµν , D] = 0, [D,Kµ] = iKµ, [D,Pµ] = −iPµ, [Pµ, Kν ] = 2iMµν − 2iηµνD.

These commutators may be accompanied with Poincare algebra commutators in D dimensions.
If one defines generators JMN

Jµν = Mµν , JµD =
1

2
(Kµ − Pµ), Jµ(D+1) =

1

2
(Kµ + Pµ), J(D+1)D = D,

with M,N being D+1-valued indices, then they will satisfy commutation relations of SO(2, D).

Problem 3.4
OPE of some field and stress-energy tensor may be derived from the requiring the proper
transformation law for this field under conformal transformation. It becomes especially easy if
the field is primary. If we know the conformal weights of primary field we can determine OPE
of this field and SET (see BBS (3.33)):

T (z)Φ(w, w̄) =
h

(z − w)2
Φ(w, w̄) +

1

z − w
∂Φ(w, w̄) + . . . . (3.20)

Here Φ(z) = X(z) (we deal with right-movers, see BBS (3.19)) and T (z) = −2 : ∂X · ∂X :
(see BBS (3.23)). To start calculate OPE in this case we should know Green function for X
beforehand (see BBS (3.35)):

〈Xµ(z, z̄)Xν(w, w̄)〉 = −1

4
ηµν (ln(z − w) + ln(z̄ − w̄)) . (3.21)
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From (3.21) we can derive the following OPE:

〈Xµ(z)∂Xν(w)〉 =
1

4
ηµν

1

z − w
.

Using Wick theorem we can now calculate

T (z)Xµ(w) = −2 : ∂X · ∂XXµ : −4∂Xν(z)〈∂Xν(z)Xµ(w)〉 =
∂Xµ(z)

z − w
+ · · · =

=
∂Xµ(w)

z − w
+ · · · .

The last transition is made due to the fact that

∂Xµ(z)

z − w
=
∂Xµ(w) + (z − w)∂2Xµ

z − w
=
∂Xµ(w)

z − w
+ · · · .

Therefore we can conclude that h = 0 is a conformal dimension of primary field Xµ.

Problem 3.5
(i) We can obtain required OPE’s simply by w, w̄-differentiation of expression

T (z)Xµ(w) =
∂Xµ(w)

z − w
+ · · · .

obtained in the solution of Problem 3.4. Consequently

T (z)∂Xµ(w) =
∂Xµ(w)

(z − w)2
+
∂2Xµ(w)

z − w
+ · · · ,

T (z)∂̄Xµ(w) =
∂∂̄Xµ(w, w̄)

z − w
+ · · · = · · · ,

T (z)∂2Xµ(w) =
2∂Xµ(w)

(z − w)3
+

2∂2Xµ(w)

(z − w)2
+
∂3Xµ(w)

z − w
+ · · · .

In the second raw we’ve used the fact that Xµ(w, w̄) = Xµ
L(w̄) + Xµ

R(w). But we can instead
of it calculate

T̃ (z̄)Xµ(w, w̄) =
∂̄Xµ(w̄)

(z̄ − w̄)2
+
∂2Xµ(w̄)

z̄ − w̄
+ · · · .

(ii) From these equations we can conclude that h-conformal dimension of ∂Xµ is equal to 1, for
∂2Xµ it’s 2 and for ∂̄Xµ it’s 0 (while h̃ = 1). Observe that basing on OPE’s which are required
to calculate in the condition of first part of the problem we wouldn’t be able to conclude
anything about h̃-conformal dimension of any of these fields because that is to be determined
not from (3.20)-type OPE, but from T (z̄)Φ(w̄) one (as was done for calculation of h̃ = 1 for
∂̄Xµ).

Problem 3.6
1) We will use the following expression for singular part of the product

∂Xµ(z)∂Xν(w) = −1

4
ηµν

1

(z − w)2
.

12



At the same time from

∂Xµ(z) = − i
2

∑
n

αµnz
−n−1

it follows that

αµm =
1

π

∮
dzzm∂Xµ(z),

where integration is performed over some contour around z = 0 pole point. Therefore

[αµm, α
ν
n] =

1

π2

∮ ∮
dzdwzmwn (∂Xµ(z)∂Xν(w)− ∂Xν(w)∂Xµ(z)) .

In the last expression integral we shall take into account radius-ordering procedure in CFT.
Therefore while performing integration over w first we should accomplish it over contour C
around w = z point. Second, we perform z integration over contour with z = 0 center. Using
Cauchy’s theorem we will get

[αµm, α
ν
n] = mηµνδm+n,0.

2) Using the same technic we may derive the commutator for oscillator amplitudes of right-
movers:

[α̃µm, α̃
ν
n] = mηµνδm+n,0.

3) From (3.21) it follows that
∂Xµ(z)∂̄Xν(w̄) = 0.

Therefore we can easily conclude that

[αµm, α̃
ν
n] = 0.

Problem 3.7
We deal with primary field Φ(z) with conformal dimension h. The later condition allows us to
write down the Loran series in the form

Φ(z) =
∑
n

Φn

zn+h
.

From this it follows that

Φn =
1

2πi

∮
dzΦ(z)zn+h−1,

1

2πi

∮
dz∂Φ(z)zn+h = −(n+ h)Φn. (3.22)

Together with

Lm =
1

2πi

∮
dwT (w)wm+1

it gives us

[Lm,Φn] =
1

2πi

∮
dzzn+h−1 1

2πi

∮
C

dwT (w)Φ(z)wm+1,

where again C is some contour of w around z. Using an expression (3.20) and Cauchy’s theorem
we will result in

[Lm,Φn] =
1

2πi

∮
dzzn+h−1

(
h(m+ 1)zmΦ(z) + zm+1∂Φ(z)

)
= −(n+m(1− h))Φn+m, (3.23)
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where we’ve used (3.22) in the last transition.

Problem 3.8
In a physical system with primary field Φ(z) with conformal dimension h vacuum |0〉 satisfies

Ln|0〉 = 0, n > 0, L0|0〉 = 0, (3.24)

which is a special case of physical string state condition. Using (3.23), (3.24) we will get

L0|Φ〉 = h|Φ〉, Ln|Φ〉 = 0, n > 0

for state Φ−h|0〉. Then this is a highest-weight state.

Problem 3.9
(i) We can calculate 2-point correlation function for arbitrary primary fields φi(z1, z̄1), φj(z2, z̄2)
with conformal weights (hi, h̃i), (hj, h̃j):

〈φi(z1, z̄1)φj(z2, z̄2)〉0 = 〈0|φi(z1, z̄1)φj(z2, z̄2)|0〉.

This may be done due to the following considerations. Quantum field theory possessing con-
formal symmetry should have conformally invariant correlation functions. Therefore it should
be

δε,ε̄〈0|φi(z1, z̄1)φj(z2, z̄2)|0〉 = 0, (3.25)

where ε(z) is a parameter of conformal transformation z → z+ ε(z). We can find out for which
types of correlation functions (3.25) holds invariant under action of SO(2, 2) = SL(2, R) ×
SL(2, R) = (L0, L±)

⋃
(L̃0, L̃±) conformal transformations. Under the later transformations

we know that vacuum |0〉 is invariant - it’s an eigenstate with zero eigenvalue for (L0, L±)
operators, which follows from Virasoro algebra commutation rule

[Lm, Ln] = (m− n)Lm+n +
c

12
m(m2 − 1). (3.26)

Physical vacuum is defined to possess Lm|0〉 = 0, m ≥ 0. If we apply (3.26) for m = −n = 1,
we will immediately get L−1|0〉 = 0 (and similarly for left-moving generators L̃).

Therefore variation of correlation function (3.25) under SO(2, 2) conformal transformations
is all due to variation of conformal fields:

〈δε,ε̄φi(z1, z̄1)φj(z2, z̄2)〉0 + 〈φi(z1, z̄1)δε,ε̄φj(z2, z̄2)〉0 = 0.

We know how conformal transformation acts on primary field φ(z, z̄):

δε,ε̄φ(z, z̄) = (h∂ε(z) + ε(z)∂ + h̃∂̄ε̄(z̄) + ε̄(z̄)∂̄)φ(z, z̄). (3.27)

Define for shortness of writing

G(2)(zi, z̄i) = 〈φi(z1, z̄1)φj(z2, z̄2)〉0.

1) Translations ε(z) = 1 (or any small constant)

[(∂1 + ∂2) + (∂̄1 + ∂̄2)]G(2)(zi, z̄i) = 0,
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which divides into two complex conjugate conditions

(∂1 + ∂2)G(2)(zi, z̄i) = 0, (∂̄1 + ∂̄2)G(2)(zi, z̄i) = 0.

These conditions give us generic dependence G(2)(zi, z̄i) = G(2)(z1 − z2, z̄1 − z̄2).
2) Scaling ε(z) = z

[z1∂1 + z2∂2 + hi + hj + (c.c)]G(2)(z1 − z2, z̄1 − z̄2) = 0.

It follows for non-zero conformal weights that G(2)(z1 − z2, z̄1 − z̄2) = Cij(z1 − z2)−hi−hj(z̄1 −
z̄2)−h̃i−h̃j .
3) Special conformal transformations ε(z) = z2

[z2
1∂1 + z2

2∂2 + 2hiz1 + 2hjz2 + (c.c)]Cij(z1 − z2)−hi−hj(z̄1 − z̄2)−h̃i−h̃j = 0.

It follows that hi = hj, h̃i = h̃j as a requirement, which is of course not true for different primary
fields φi and φj, generally speaking. Therefore (up to normaliztion constant multiplier) it holds

〈φi(z1, z̄1)φj(z2, z̄2)〉0 = δij
1

(z1 − z2)2hi(z̄1 − z̄2)2h̃i
.

In the case of zero conformal weight steps 2) and 3) are modified to give logarithmic correla-
tion function. The simplest way to see this is to observe that derivative of zero-weight field is
1-weight field with known correlation function, integration of which gives us logarithm.
(ii) Again, 3-point correlation function should be invariant under SL(2, 2) conformal transfor-
mations, which restricts it in a manner of (i) to the view

G(3)(zi, z̄i) = 〈φi(z1, z̄1)φj(z2, z̄2)φk(z3, z̄3)〉0 =

=
Cijk

z
hi+hj−hk
12 z

hi+hk−hj
13 z

hj+hk−hi
23 z̄

h̃i+h̃j−h̃k
12 z̄

h̃i+h̃k−h̃j
13 z̄

h̃j+h̃k−h̃i
23

,

where zij = zi − zj, z̄ij = z̄i − z̄j. The constant of proportionality may be determined for
z1 =∞, z2 = 0, z3 = 1 as

Cijk = lim
z1→∞

z2hi
1 z̄2h̃i

1 G(3).

This is a single constant which 3-point correlation function depends on.

Problem 3.10
(i) According to Virasoro algebra commutation rule (3.26) and the constraint L0|φ〉 = h|φ〉 we
find that

〈φ|[Ln, L−n]|φ〉 = (2nh+
c

12
n(n2 − 1))〈φ|φ〉.

We also have the following constraint: Ln|φ〉 = 0, n > 0. Therefore (due to L†−n = Ln) we
proceed to

〈φ|L†−nL−n|φ〉 = (2nh+
c

12
n(n2 − 1))〈φ|φ〉.

This is a relation between positive norms of vectors |φ〉 and L−n|φ〉 (details are explained
bellow). For n→ +∞ we get

〈φ|L†−nL−n|φ〉 ∼
c

12
n3〈φ|φ〉,
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from which it follows that c > 0. For n = 1 we have

〈φ|L†−1L−1|φ〉 = 2h〈φ|φ〉,

and therefore h ≥ 0. For h = 0 we have zero-norm state L−1|φ〉 = 0. See details in the next
part of this solution

Here we also may add that c = 0 together with h = 0 would give zero norm for descendant
states of the kind L−n|φ〉, which is impossible because we know that they are physical.
(ii) If |φ〉 = |0〉, then L0|φ〉 = 0 due to constraints on conformal vacuum Ln|0〉 = 0, n ≥ 0.
Then from constraint on highest weight state L0|φ〉 = h|φ〉 it follows h = 0.

If h = 0, we got 〈φ|L†−1L−1|φ〉 = 0, therefore in a unitary Hilbert space L−1|φ〉 = 0. Highest
weight state |φ〉 with zero conformal weight is determined by constraints Ln|φ〉 = 0, n ≥ 0.
These are vacuum-type constraints (as a consequence of Virasoro algebra this is SL(2, R)-
invariance of vacuum), therefore |φ〉 = |0〉, and thus L−1|φ〉 = 0.

Problem 3.11
Consider the following expression for ghost SET:

Tbc(z) = −λ : b(z)∂c(z) : +ε(λ− 1) : c(z)∂b(z) : . (3.28)

Here for fermi ghosts ε = +1 (if fields b, c satisfy bose-statistics then ε = −1). From this
formula and correlation functions for ghost conformal fields

〈c(z)b(w)〉0 =
1

z − w
,

〈b(z)c(w)〉0 =
ε

z − w
we can derive OPE of SET (3.28) with itself:

Tbc(z)Tbc(w) =
c/2

(z − w)4
+

2T (w)

(z − w)2
+
∂T (w)

z − w
,

where
c(ε, λ) = −2ε(6λ2 − 6λ+ 1).

The conformal anomaly term arised from completely contracted terms in Wick expansion of
T (z)T (w):

λ2〈b(z)∂c(w)〉0〈∂c(z)b(w)〉0 + λ(λ− 1)〈b(z)c(w)〉0〈∂c(z)∂b(w)〉0 +

+λ(λ− 1)〈c(z)b(w)〉0〈∂b(z)∂c(w)〉0 + (λ− 1)2〈c(z)∂b(w)〉0〈∂b(z)c(w)〉0.

Problem 3.12
Our objective here is to draw out a simplest strategy of proving the nilpotency of operator

QB =

∮
dz(cTX+ : bc∂c :)
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by anticommuting it with itself. We perform integration over two circle contours in double
complex plane with coordinates z and w. To perform calculations we use the following key
points:
1) Wick theorem with respect to minus sign arising when fermionic vacuum average (contrac-
tion, or correlation function) is brought out of normal product;
2) TX(z)TX(w) OPE;
3) Ghost fileds OPE;
4) : c(z)c(w) := − : c(w)c(z) : and so on;
5)
∮ ∮

dzdwf(z, w) : c(z)c(w) := 0 for f(z, w) = f(w, z) and so on;
6)
∮
dw : ∂3c(w)c(w) := 3!

∮ ∮
dwdz : c(z)c(w) : 1

(z−w)4 = 0;

7)
∮ ∮

dzdw : A1(z)A2(w)F1(z)F2(w) := 0 for fermions F1, F2 and bosons A1, A2;
8) Cauchy’s theorem to integrate around pole special points in z = w terms over z.

Example of applying the point 7) arises while computation of Q2
B:∮ ∮

dzdw : TX(z)c(z)b(w)c(w)∂c(w) := 0,

where TX(z) together with, e.g., b(w)c(w) are bosons.
The proof of point 7) is pretty obvious: double z, w integration is symmetric under in-

terchange of variables z ↔ w, but fermions F1(z), F2(w) are antisymetric. Therefore their
contraction gives zero value, which already has shown itself in point 5). In point 7) presence of
bosons changes nothing because they are permutable under normal product.

Point 8) is useful to integrate remaining (after applying 5) and 7) points) terms of Q2
B

expression over z.
All this key points should be applied to straightforward Q2

B computation, which will result
in Q2

B = 0.
An importatnt thing here to note is that there’s no necessity for cX = 0 as a condition for

Q2
B = 0. It does not contradict to the known fact that for Q2

B = 0 it’s necessary to be c = 0
anomaly of SET, because later deals with total SET anomaly term but not just TX anomaly
term cX . Note also that in this problem we implicitly assumed total anomaly to be zero, because
of considered theory deals with proper Tbc and corresponding proper ghost Lagrangian, therefore
corresponding proper BRST symmetry transformations and BRST charge.

Problem 3.13
(i) Vertex operator has the form

V =: VRVL :,

where
VR = ζR · ∂XR(z) exp (ik ·XR(z)), VL = ζL · ∂XL(z̄) exp (ik ·XL(z̄)),

for bosonic string state of the type (ζR ·α−1 + ζL · α̃−1)|0; k〉 (with NL = NR = 1). Such a form
of vertex operator is chosen to enable α−1α̃−1|0〉 form of the state.
(ii) Because of Xµ

R being a primary (conformal) field with conformal weights (h, h̃) = (0, 0),
vertex operator VR is a primary field with conformal weights (h, h̃) = (1, 0), where h is composed
out of k2

8
from exp (ik ·XR(z)) and 1 from ∂XR(z), which gives h = 1 in the sum due to

the mass-shell condition k2 = 0, imposed independently. The physical state associated with
primary field with conformal dimension h is built as |φ〉 = V−h|0〉, where V−h is to be taken
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from expansion

VR(z) =
∑
n

Vn
zn+h

,

and a vacuum state |0〉 satisfies constraints Vn|0〉 = 0, n > −h. The same arguments are hold
for left-movers. Therefore the state, corresponding to primary field V (z, z̄) looks like

|φ〉 = V(R)−1V(L)−1|0〉.

In the solution of Problem 3.8 it was shown that the state built out of primary field in a such
manner satisfies physical state conditions.

Problem 3.14
We start with a little introduction. The spectrum of bosonic string in BRST quantization
approach is a spectrum of bosonic excitations and ghosts excitations. Each physical state
belongs to some level, i.e., each physical state has some level number. Mass-shell condition is
equivalent to zero-mode Virasoro constraint of total SET:

L0|ψ〉 = 0→ α′(p2 +m2)|ψ〉 = 0,

where
α′m2 =

∑
n>0

n(Nbn +Ncn + Ñb̃n + Ñc̃n) +N + Ñ − 1, (3.29)

and we’ve used usual bosonic number operators

N =
∑
n>0

α−n · αn, Ñ =
∑
n>0

α̃−n · α̃n,

and ghost number operators for each excitation level

Nbn = c−nbn, Ncn = b−ncn, Ñb̃n = c̃−nb̃n, Ñc̃n = b̃−nc̃n. (3.30)

The total number operator of bosonic string BRST spectrum is

Ntot = α′m2 + 1.

This operator commutes with BRST charge, because it’s equal to the number of ghosts plus
the number of antighosts, consequently while QB increases the number of antighosts by 1 it
decreases the number of ghosts by 1, leaving Ntot constant. The presence of n-multiplier in the
summation over n in (3.29) when we insert (3.30) into it has clear meaning, e.g., it counts that
c−2|0; k〉 corresponds to +2 antighost number, because ghost anticommutator {cn, b−m} = δm,n
has no m-multiplier of Cronecer symbol on the r.h.s. in difference with α-commutator case.
An examples useful for the construction of first (zero-mass) level:

Nb1c−1|0; k〉 = c−1|0; k〉, Nc1c−1|0; k〉 = 0, Nb1b−1|0; k〉 = 0, Nc1b−1|0; k〉 = b−1|0; k〉.

1) For BRST invariance condition on physical states QB|φ〉 = Q̃B|φ〉 = 0 (which is the con-
dition QB|φ〉 + Q̃B|φ〉 = 0 separated into independent parts) to be able to retrieve Virasoro
physical state conditions on vacuum string state and excited states we should also impose
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Siegel constraint b0|φ〉 = 0 and no-ghost constraints bn|φ〉 = 0, n > 0 (and all corresponding b̃
constraints).

Hilbert space of string states decomposes into ghost states and α-excitation states (we
assume α̃-excitations for closed string too) of bosonic coordinate fields Xµ as a direct product.
Therefore we can build ghost spectrum and α-spectrum separately, and then identify level
excitation number via ghost number operator U and string number operators N, Ñ . On the
same level N = Ñ due to level-matching condition.

Vacuum is identified as a state annihilated by lowering operators either for ghosts or for
α-excitations. Lowering operators are the ones with positive index. Ghosts zero-indices op-
erators are supposed to annihilate vacuum state too, because in difference to α0 they depict
no-momentum state. But they can’t do it simultaneously, because of their non-zero anti-
commutator. Therefore there’re two vacuum states: annihilated by either b0 or c0. As it’s
mentioned above for vacuum state to satisfy Virasoro constraint L0|0; k〉 = |0; k〉 it’s necessary
to impose namely b0-type constraint. Therefore for vacuum string state we have conditions for
right-movers

bn|0; k〉 = 0, cn|0; k〉 = 0, αn|0; k〉 = 0, n > 0

for left-movers
b̃n|0; k〉 = 0, c̃n|0; k〉 = 0, α̃n|0; k〉 = 0, n > 0

and Siegel constraints
b0|0; k〉 = 0, b̃0|0; k〉 = 0.

The excitation numbers are N = Ñ = 0, U = −1
2

(ghost number operator is defined as
U = 1

2
(c0b0 − b0c0) +

∑∞
n=1(c−nbn − b−ncn), see BBS (3.89)).

There’re no BRST exact vacuum states |〉 = QB|χ〉, because BRST operator QB raises ghost
number by 1 (remind that ghost number of b-field is -1, and ghost number of c-field is +1),
therefore ghost number of |χ〉 should be by 1 lower than ghost number of |0; k〉 vacuum state,
i.e., it should be |χ〉 = bn|0; k〉 or so. And then our BRST-exact state is (here it’s necessary
that n < 0 for bn not to annihilate ghost vacuum) to

|〉 = QBbn|0; k〉 = {QB, bn}|0; k〉 = (Ln − δn,0)|0; k〉 = 0, (3.31)

because of full Virasoro algebra is free of conformal anomaly and physical state condition on
vacuum may be written as (Ln − δn,0)|0; k〉 = 0 for all n.
2) Now let’s study first excited level of bosonic string in BRST quantization. Begin with
right-movers. We should impose a BRST quantization prescription

QB|ψ〉 = 0. (3.32)

and a Siegel constraint
b0|ψ〉 = 0.

We will use an expansion of BRST charge

QB =
∑
m

(L
(X)
−m − δm,0)cm −

1

2

∑
m

(m− n) : c−mc−nbm+n : . (3.33)

Combination of a Sigel constraint with (3.32) will result in a a mass-shell condition

(L0 − 1)|ψ〉 = 0,
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where normal-ordered zero mode of the full SET is (as pointed in the very beginning of this
solution but with shift of L0 for convenience of notation there and with ordinary notation
without shift here)

L0 =
∑
n>0

α−nαn +
1

2
α2

0 +
∑
n>0

n(c−nbn + b−ncn).

On the general first level state

|ψ〉 = (e · α−1 + βb−1 + γc−1)|0; k〉 (3.34)

with 28 degrees of freedom the mass-shell condition is realized as follows

0 = (L0 − 1)|ψ〉 = (LX0 − 1)|ψ〉+ (c−1b1 + b−1c1) (e · α−1 + βb−1 + γc−1)|0; k〉 =

= (LX0 − 1)|ψ〉+ (γc−1 + βb−1)|0; k〉. (3.35)

Now using (3.33) expansion we can write constraint (3.32) for general first level state (3.34):

0 = QB|ψ〉 = c0(LX0 − 1)|ψ〉 − 1

2

∑
m

(m− n) : c−mc−nbm+n : (e · α−1 + βb−1 + γc−1)|0; k〉+

+(c1L
X
−1 + c−1L

X
1 )(e · α−1 + βb−1 + γc−1)|0; k〉 = c0

(
(LX0 − 1)|ψ〉+ (γc−1 + βb−1)|0; k〉

)
+

+(c−1α0 · α1 + c1α0 · α−1)|ψ〉 = (α0 · ec−1 + βα0 · α−1)|0; k〉.
In the last transition we’ve used a mass-shell constraint (3.35).

Obviously the norm of considered state is

〈ψ|ψ〉 = |e|2〈0; k|0; k〉.

Here |e|2 = −|e0|2 +
∑25

i=1 |ei|2.
Therefore we see that for physical state it’s necessary β = 0, p · e = 0, where we’ve used

α0 ∼ p expression for string center-of-mass momentum. Therefore there’re are 26 linearly
independent states left: 24 of them are bosonic states with positive norm and 2 are antighost
c−1 state and p · α−1 zero-norm (because of p2 = 0) state, this 2 states are orthogonal to all
physical states including themselves (physical states with zero norm, orthogonal to all physical
states, are null spurious states).

Now let’s study cohomology group of considered first-level state |ψ〉. All BRST exact first-
level states |χ〉 should be built out of states |ψ′〉 with the general view (3.34), because operator
QB obviously commutes with the number operator due to BRST invariance of a state. Therefore
all BRST exact states have the form of

|χ〉 = (α0 · e′c−1 + β′α0 · α−1)|0; k〉 = 0.

Therefore states of ghost field c−1|0; k〉 and longitudinal state p · α−1|0; k〉 are unphysical, and
may be changed inside the same cohomology class. We have therefore just 24 physical states
of bosonic string on first level - the same result as obtained in light-cone quantization.

All contemplations applied for right-movers may be repeated for left movers just word by
word with the change α → α̃, b→ b̃, c→ c̃. As a result we will get 242 = 576 physical states
of the form

|ψ〉 = (e · α−1 + γc−1 + ẽ · α̃−1 + γ̃c̃−1)|0; k〉
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with the norm
〈ψ|ψ〉 = (|e|2 + |ẽ|2)〈0; k|0; k〉.

States of ghost fields c−1|0; k〉, c̃−1|0; k〉 and longitudinal states p · α−1|0; k〉, p · α̃−1|0; k〉 are
unphysical. As a result we’ve obtained transversal bosonic string spectrum but without breaking
explicit covariance of approach.

Problem 3.15
Here Ntot = 2 for the state of an open string spectrum. The most general state is

|φ〉 =
(
ζ · α−2 + Ωµνα

µ
−1α

ν
−1 + βb−2 + γc−2 + ρc−1b−1 + c−1ξ1 · α−1 + b−1ξ2 · α−1

)
|0; k〉.

Here only symmetric part Ωµν = Ωνµ of Ω-matrix survives, but when we will be considering
construction of BRST-exact states bellow we will not restrict ourselves by such condition on
Ω-matrix. The same view has the most general non-closed BRST state, on which action of QB

gives Ntot = 2 BRST-exact physical state. The action of BRST charge (3.33) can be easily
written as follows

QB|φ〉 = c0(L0 − 1)|φ〉+ (β

(
α−2 · α0 +

1

2
α−1 · α−1

)
+ c−2ζ · α0 + c−2Ωµ

µ +

+2c−1Ωµνα
µ
0α

ν
−1 − ρα−1 · α0c−1 + 3ρc−2 + α−1 · α0ξ2 · α−1 + ξ2 · α−2)|0; k〉, (3.36)

and we also have mass-shell condition

(L0 − 1)|φ〉 = 0.

Notice that c−1ξ1 · α−1|0; k〉 states are BRST-exact (thanks to the term c−1Ωµνα
µ
0α

ν
−1, which

leads to equation of the form Ωµνα
µ
0 = ξ1ν) and we can right now exclude all such states and

therefore parameters ξ1 from our consideration (of course there’re another BRST-exact states,
which will be considered bellow). Therefore for the state |φ〉 to be BRST-closed it’s necessary
(we put αµ0 = pµ) for the following conditions to be satisfied

β = 0, ζ · p+ trΩ = 0, ξµ2 = 0, Ωµνα
ν
0 = 0, ρ = 0.

BRST-exact states of Ntot = 2 are constructed with the help of operators (we just enumerate
kinds of terms in (3.36) except for excluded c−1ξ1 · α−1)

α−2 · α0, α−1 · α−1, c−2, α0µξ2να
µ
−1α

ν
−1, ξ2 · α−2. (3.37)

Among them ξ2 · α−2 may be already excluded by imposing a condition of BRST-closeness,
because the idea is to exclude from BRST-closed states all which are BRST-exact too. We can
calculate total number of states. Initially we had

dim(|φ〉)− dim(ξ1) = 26 +
26 · 27

2
+ 3 + 26,

then we have closeness constraints of number 52+3. Finally among BRST-closed states there’re
1+26 BRST-exact (because among (3.37) first and second operators are particular cases of the
fifth and fourth correspondingly and we’ve excluded ξ2 · α−2 as mentioned above). As a result
there’re 324 physical states on Ntot = 2, which are not BRST-exact. The same number was
obtained in light-cone quantization.
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4 Strings with world-sheet supersymmetry

Problem 4.1
(0) First of all, fermionic Lagrangian describes D Majorana fermions each of which belongs
to d = 1 fundamental representation of Cl1 Clifford algebra. That’s why there’s no γ5-type
matrices and Dirac conjugate spinors in Lagrangian. Situation will change after quantization,
see Problem 4.3.
(i) The Lagrangian considered in this problem is a special case of massless scalar field +
massless fermionic field SUSY Lagrangian for 1D case. The bosonic part has clear physical
meaning because of giving correct equation of motion for free particle (BTW, for massive
particle too). Using Lagrange equations we can derive equations of motions

Ẍµ = 0, ψ̇µ = 0.

It was also used the fact of anticommutation of ∂
∂ψ̇

with ψ while using Lagrange equation for

fermionic field.
(ii) Here we should use ψε = −εψ while calculating δS0. Proper boundary conditions are
ψµẊµ = 0 at τ = ±∞, which are necessary because δS0 = i

2
ε
∫
dτ d

dτ
(Ẋµψ

µ). General formula
with auxiliary fields, valid for local SUSY transformations, is derived in (ii) point of the Problem
4.2
(iii) Majorana fermion ψ is real and stays real due to equations of motion. Under SUSY
transformation δXµ = iεψµ bosonic coordinate field Xµ should vary by real value, therefore ε
ought to be real. At the same time we have (ε1ε2)? = ε2ε1. We can find

(δ1δ2 − δ2δ1)Xµ =
i

2
(ε2ε1 − ε1ε2)Ẋµ = δτẊµ,

where (δτ)? = δτ due to pointed above. As expected Lie bracket of SUSY transformations on
fermionic field also closes on translation:

(δ1δ2 − δ2δ1)ψµ =
i

2
(ε2ε1 − ε1ε2)ψ̇µ = δτ ψ̇µ.

Problem 4.2
(i) This may be proved in two ways. First is infinitesimal with the aid of direct application of
given infinitesimal variations. The second way is based on the following facts: 1) Infinitesimal
variations δe = d

dτ
(ξe) and δχ = d

dτ
(ξχ) for τ ′ = τ−ξ(τ) are small limits of full transformations

e(τ)dτ = e′(τ ′)dτ ′ and χ(τ)dτ = χ′(τ ′)dτ ′; 2) if we write X = X(τ(τ ′)) we will obtain dX
dτ ′

=
dX
dτ

dτ
dτ ′

, where both derivatives in the r.h.s. are taken in τ ′ time moment; point 2) can be
rewritten literally for fermionic field ψ. Therefore we got

dτ

(
ẊµẊµ

2e
+
iẊµψµχ

e
− iψµψ̇µ

)
=

= dτ ′
dτ

dτ ′

(
1

2e′(τ ′)

dτ

dτ ′

(
dX

dτ ′

)2(
dτ ′

dτ

)2

+
i

e′(τ ′)

dτ

dτ ′
dXµ

dτ ′
dτ ′

dτ
ψµχ

′(τ ′)
dτ ′

dτ
− iψµdψµ

dτ ′
dτ ′

dτ

)
.
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Obviously this ends the proof of invariance of action under reparametrization.
(ii) We should use anticommutation of classical fermions ψ, ε, χ and their derivatives; we will
result in the following variation of action under local SUSY transformations:

δS̃0 =

∫
dτ

d

dτ

(
i

2e
εψµẊ

µ

)
.

(iii) Lagrange equations for auxiliary fields χ, e give rise to constraints

Ẋµψµ
e

= 0,
ẊµẊµ

2e2
+
Ẋµψµχ

e2
= 0,

which admit the solution (gauge choice) e = 1, χ = 0 and as a result corresponding constraints
look like

Ẋµψµ = 0, Ẋ2 = 0.

The second is the mass-shell condition.

Problem 4.3
(i) Equations of motion for supersymmetric particle in Problem 4.1 are

Ẍµ = 0, ψ̇µ = 0.

General solution is
Xµ(τ) = xµ + pµτ, ψµ = bµ,

where bµ are D Majorana d = 1 constant in time fermions. Therefore canonical quantization
requires {bµ, bν} = ηµν and [xµ, pν ] = iηµν . Because of P µ = Ẋµ = pµ and [pµ, pν ] = 0, the
later means [Xµ, Ẋν ] = iηµν .
(ii) Ground state satisfies the condition

pµ|0〉 = 0.

Fermionic part should be incorporated too. Because of absence of any fermionic excitations
(fermions don’t have time dependence), fermions bµ should appear already in vacuum state
|0, b〉. At the same time for Γµ = 1√

2
bµ from quantization condition we obtain Dirac matrices

anticommutation relations
{Γµ, Γν} = 2ηµν ,

which means that fermionic part of the vacuum forms a representation of Dirac algebra:
bµ|0; a〉 = 1√

2
Γµab|0; b〉. Here b is an index running 2[D/2] values of dimension of fundamen-

tal representation of ClD−1,1 algebra. Therefore vacuum state is space-time fermion, which
leads to the fact that excited states (for free particle excited states are non-zero momentum
states) are space-time fermions too (fermions with non-zero momentum). They are built as
|kµ; b〉 = kµ|0; b〉:

pµ|k; b〉 = kµ|k; b〉.

To cope with this one may consider pµ =
∫
dkkµ|k〉〈k| diagonal operator.

(iii) The constraint Ẋ2 = 0 means that our space-time fermion is massless. The constraint
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Ẋ · ψ = 0 after quantization looks like kµΓµab|b; k〉 = 0. This is massless Dirac equation for
ClD−1,1 spinors in momentum representation.

Problem 4.4
We consider local supersymmetry transformations

δXµ = ε̄ψµ, δψµ = ρβ(∂βX
µ)ε+Bµε, δψ̄µ = −(∂βX

µ)ε̄ρβ +Bµε̄, δBµ = ε̄ρα∂αψ
µ.

Variation of action

S̃ =

∫
d2σ

[
∂αX

µ∂αXµ + ψ̄µρα∂αψµ −BµBµ

]
is therefore

δS̃ =

∫
d2σ[2∂αX

µ∂αε̄ψµ − (∂βX
µ)ε̄ρβρα∂αψµ + ψ̄µρα∂αρ

β(∂βXµ)ε+

+Bµε̄ρα∂αψµ + ψ̄µρα∂αBµε− 2ε̄ρα(∂αψµ)Bµ].

Last three terms with the help of the following identity for Majorana fermions

χ̄ραψ = −ψ̄ραχ

may be rewritten as

−
∫
d2σ∂α(Bµε̄ρ

αψµ),

which will not contribute to supercurrent because of being an integral of total derivative. Notice
that for Majorana fermions ψ, ε it also takes place

ψ̄µρ
αρβε = ε̄ρβραψµ,

which is not too difficult to prove. Applying this identity for our variation of action we will get

δS̃ =

∫
d2σ[2∂αX

µ∂αε̄ψµ − (∂βX
µ)ε̄ρβρα∂αψµ + (∂α((∂βXµ)ε̄))ρβραψµ − ∂α(Bµε̄ρ

αψµ)] =

=

∫
d2σ[∂α(2(∂αX

µ)ε̄ψµ)−(∂βX
µ)ε̄ρβρβψµ−Bµε̄ρ

αψµ)−2(∂α∂
αXµ)ε̄ψµ+2∂α((∂βX

µ)ε̄)ρβραψµ)] =

=

∫
d2σ[−2(∂α∂

αXµ)ε̄ψµ + 2∂α((∂βX
µ)ε̄)(ηβα +

1

2
(ρβρα − ραρβ))ψµ)] + · · · .

Dots represent terms with integration of total derivatives having no affection on supercurrent.
We also antisymmetrize the product of Dirac matrices because then it will be convenient to
perform summation of it with symmetric ∂α∂βX

µ being the term from ∂α((∂βX
µ)ε̄) (this sum-

mation gives zero result). As a result we obtain

δS̃ = 2

∫
d2σ(∂βX

µ)(∂αε̄)ρ
βραψµ.

The rest is obvious: two-component (spinor) supercurrent is

JαA = 2(ρβραψµ)A∂βX
µ.
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Invariance of action (up to total derivative) requires convergence of cupercurrent. The later
requires being on-shell. An important thing is that we haven’t used equations of motion for
the deduction of expression

δS̃ =

∫
d2σJα∂αε̄.

For global SUSY transformations action will be invariant up to a total derivative even off-shell
(while convergence of supercurrent requires being on-shell). And this is held even if we deal
with SUSY with no auxiliary fields, because later are of use to close of super-Poincare algebra
off-shell, not for SUSY invariance.

Problem 4.5
We deal with open string therefore αµ0 = lsp

µ. At the same time we have ls =
√

2α′.
NS sector: zero-point Virasoro constraint with aNS = 1

2
is

L0 −
1

2
= 0,

where normal ordered zero Virasoro operator is given by

L0 =
1

2
α2

0 +N,

with number operator

N =
∑
n>0

αi−nα
i
n +

∑
r>0

rbi−rb
i
r.

Therefore we get mass formula

α′M2 = N − 1

2
.

R sector: zero point Virasoro constraint is built with aR = 0 and

L0 =
1

2
α2

0 +N,

where number operator is

N =
∑
n>0

αi−nα
i
n +

∑
n>0

ndi−nd
i
n.

Corresponding mass formula is

α′M2 =
∑
n>0

αi−nα
i
n +

∑
n>0

ndi−nd
i
n.

Problem 4.6
R sector for arbitrary dimension of space-time D in light-cone quantization:

L0 =
1

2

∑
n

D−2∑
i=1

αi−nα
i
n +

1

2

∑
n

D−2∑
i=1

ndi−nd
i
n =
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=
∑
n>0

D−2∑
i=1

(
αi−nα

i
n + ndi−nd

i
n

)
+

1

2
α2

0 +
1

2

∑
n>0

D−2∑
i=1

(
[αin, α

i
−n]− n{din, di−n}

)
=

=
∑
n>0

D−2∑
i=1

(
αi−nα

i
n + ndi−nd

i
n

)
+

1

2
α2

0.

It proves that aR = 0.
NS sector for arbitrary D in light-cone quantization:

L0 =
1

2

∑
n

D−2∑
i=1

αi−nα
i
n +

1

2

∑
r

D−2∑
i=1

rbi−rb
i
r =

=
∑
n>0

D−2∑
i=1

αi−nα
i
n +

∑
r>0

D−2∑
i=1

rbi−rb
i
r +

1

2
α2

0 +
1

2

∑
n>0

D−2∑
i=1

[αin, α
i
−n]− 1

2

∑
r>0

D−2∑
i=1

r{bir, bi−r}.

That means

aNS = −D − 2

2

 ∞∑
n=1

n−
∞∑

r=1/2

r

 =
D − 2

16
,

for which we’ve used zeta-function regularization. In the case of D = 10 it gives aNS = 1
2
. Let us

clarify a thing about used zeta function regularization. Define Seven =
∑∞

n=0 2n = 2ζ(−1) = −1
6

and Sodd =
∑∞

n=0(2n+1). Then (we introduce one more redundant equation just out of curiosity
of exploration of infinite sums)

Sodd + Seven = − 1

12
,

Sodd − Seven =
∞∑
n=0

1 .

The second equation is the one which we do not use. From the first one we conclude Sodd = 1
12

.
This is what we used above. Now we also can conclude

∞∑
n=0

1 =
1

4
.

Problem 4.7
R sector The numbers pointed bellow should be multiplied by 8 - the number of spinor |ψ0〉
components:

di−2|ψ0〉 8

di−1d
j
−1|ψ0〉 28

αi−2|ψ0〉 8

αi−1α
j
−1|ψ0〉 36

di−1α
j
−1|ψ0〉 64
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Total number of states is 1152 = 144× 8
NS sector The numbers in front of each state are the numbers of that states

bi−5/2|0〉 8

bi−3/2α
j
−1|0〉 64

bi−1/2α
j
−2|0〉 64

bi−1/2α
j
−1α

k
−1|0〉 288

bi−1/2b
j
−1/2b

k
−1/2α

l
−1|0〉 448

bi−1/2b
j
−1/2b

k
−1/2b

l
−1/2b

m
−1/2|0〉 56

bi−3/2b
j
−1/2b

k
−1/2|0〉 224

Total number of states is 1152. Notice that numbers of bosonic and fermionic space-time states
are equal to each other.

Problem 4.8
It may be verified directly (take into account that ρα = ηαβρ

β):

− 1

2i
(χ̄ψδAB + χ̄ραψρ

α
AB + χ̄ρ3ψρ3AB) =

= −1

2
((χ2ψ1 − χ1ψ2)δAB + (χ1ψ1 + χ2ψ2)ρ0

AB + (χ2ψ2 − χ1ψ1)ρ1
AB + (χ2ψ1 + χ1ψ2)ρ3AB).

It should be equal to
1

i
ψAχ̄B = ψAρ

0
CBχC ,

and it really does, which may be proved for concrete A,B values.

Problem 4.9
Consider general world-sheet supersymmetric RNS action

S = − 1

2π

∫
d2σ(∂αXµ∂

αXµ + ψ̄µρα∂αψµ),

possessing Lorentz symmetry. Bosonic part was already explored in Problem 2.8. Here we are
going to study fermionic part. Due to the first Noether theorem space-time Lorentz symme-
try transformation of index µ (not world-sheet transformation of index α, for which fermions
transform as spinors) with parameters ωµν leads to Noether current (this is a transformation
of fields Xµ, ψµ, for which coordinates of manifold they are defined on - world-sheet - remain
unchanged - active transformations)

Kα
µν =

∂L

∂(∂αψρ)

∂ψρ

∂ωµν
,
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where for transformation of field ψρ(x) we would have

ψ′ρ(σ) = ψρ(σ) + ωµν
δψρ

δωµν
,

where we don’t transform internal σ-coordinates of world-sheet, which for active transformation
variation means

δψρ(σ) = ωµν
δψρ

δωµν
.

At the same time for Lorentz transformations

δψρ = ωρµψµ.

All these facts lead us to conclusion that fermionic Noether current for Lorentz transformation
is

Kα
µν = ψ̄νρ

αψµ.

Actually if we complete the action by total derivative to make it explicitly real we will result in

Kα
µν =

1

2

(
ψ̄νρ

αψµ − ψ̄µραψν
)
.

Noether charge is given by expression

Kµν =

∫ π

0

dσK0
µν =

1

2

∫ π

0

dσ
(
ψ̄νρ

0ψµ − ψ̄µρ0ψν
)

=
i

2

∫ π

0

dσ
(
ψTν ψµ − ψTµψν

)
.

Now we proceed to open string in NS sector:

ψµ =

(
ψµ−
ψµ+

)
=

1√
2

∑
r

(
bµr e
−ir(τ−σ)

bµr e−ir(τ+σ)

)
.

Substitue this expansion into expression for fermionic Lorentz generator:

Kµν =
i

2

∫ π

0

dσ
∑
r,p

(
bνrb

µ
p − bµr bνp

)
cos((r + p)σ)e−i(r+p)τ =

i

2

∑
r

(
bνrb

µ
−r − bµr bν−r

)
.

This may be rewritten as

Kµν = i
∑
r>0

(
bνrb

µ
−r − bµr bν−r

)
.

Finally we can write down these generators in light-cone quantization. There we have b+
r = 0.

Therefore (i = 2, . . . , 9):

Kij = i
∑
r>0

(
birb

j
−r − bjrbi−r

)
, K±i = 0, K+− = 0.

Note that using literally the same contemplations as in Problem 2.9 it may be verified commu-
tativity of Lorentz generators with Virasoro operators.

Problem 4.10
In this solution we begin with construction of RNS theory in conformal coordinates.
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We focus on open string NS sector. We don’t consider R sector because in this problem it’s
not asked to verify expansion of Fm coefficients through oscillator modes. We can do almost
the same for the closed string case quite literally repeating contemplations provided here with
just slight appropriate redefinitions.

First of all note that change τ → −iτ (that is we make change of variables: τ ′ = iτ and
then from notation τ ′ go to notation τ , that is make simple replacement τ ′ → τ), Wick rotation
and proceeding to conformal coordinates z = eτ−iσ gives:

∂− =
∂

∂σ−
=

∂

∂(τ − σ)
→ ∂

∂(−iτ − σ)
= i

∂

∂(τ − iσ)
= i

∂z

∂(τ − iσ)

∂

∂z
= iz∂z.

Therefore the following open-string expansion (in ls = 1 units):

∂±X
µ =

1

2

∑
m

αµme
−im(τ±σ)

after change τ → −iτ , Wick rotation and proceeding to Riemann plane transforms to

iz∂Xµ(z) =
1

2

∑
m

αµmz
−m → ∂Xµ(z) = − i

2

∑
m

αµmz
−m−1.

Therefore we can figure out expansion for bosonic part of energy-momentum tensor coefficients:

L(b)
m =

1

2πi

∮
dzzm+1(−2 : ∂X · ∂X :) =

1

2

∑
n

: α−n · αm+n : .

Note that we also have
∂+ = iz̄∂̄.

Jacobian of transition (τ, σ) → (z, z̄) is equal to det ∂(z,z̄)
∂(τ,σ)

= 2izz̄. In the last formula τ

is actually τ ′, that is we made change τ → −iτ before transition to conformal coordinates.
Change τ → −iτ gave (again, we actually perfom change of coordinates τ = −iτ ′ and then
rename τ → τ ′)

dτdσ =
dτ

dτ ′
dτ ′dσ = −idτ ′dσ → −idτdσ.

Therefore surface area in new and old coordinates are related by formula

dτdσ = −d
2z

2zz̄
,

where τ in l.h.s. of the last equation is original world-sheet time coordinate. This formula is
supposed to be substituted into string action.

Original Polyakov bosonic action Sb = − 1
2π

∫
d2σ∂αX · ∂αX due to

∂αX · ∂αX = 4zz̄∂X · ∂̄X

in conformal coordinates (z, z̄) is written as Sb = 1
π

∫
d2z∂X · ∂̄X.

Now consider fermionic action: Sf = − 1
2π

∫
d2σψ̄ · ρα∂αψ. First of all we observe that

ρα∂α =

(
0

2iz̄∂

−2iz∂

0

)
,
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where the fact ∂τ = ∂τ ′

∂τ
∂τ ′ = i∂τ ′ → i∂τ was taken into account. Dirac equations of motion

∂+ψ− = 0 for original spinors ψ =
(
ψ−
ψ+

)
mean that ψ− → ψ(z), ψ+ → ψ̃(z̄). Original action

transforms to Sf = − i
2π

∫
d2z
(

1
z
ψ∂̄ψ + 1

z̄
ψ̃∂ψ̃

)
. The appearence of extra multipliers inside

action should be eliminated by a special change ψ → 1√
z
ψ, ψ̃ → 1√

z̄
ψ̃. This will transform

ψµ− = 1√
2

∑
r b

µ
r e
−ir(τ−σ) (together with Wick rotation and proceeding to conformal coorinates)

to

ψµ(z) =
1√
2

∑
r

bµr z
−r− 1

2 .

This matches nicely with the fact that fermionic field is a primary field with conformal dimension
h = 1

2
. Before proceeding to computation of expansion of Gr we also change normalization of

fermions to make the action look like

Sf =
1

4π

∫
d2z
(
ψ∂̄ψ + ψ̃∂ψ̃

)
.

This will lead to a total action of world-sheet supersymmetric open string in conformal coordi-
nates

S =
1

2π

(
2∂X · ∂̄X +

1

2
ψ∂̄ψ +

1

2
ψ̃∂ψ̃

)
. (4.38)

Now from Lagrangian (4.38) we can deduce bosonic SET, which is Noether current correspond-
ing to translation of world-sheet coordinates

TB(z) = −2∂X(z) · ∂X(z)− 1

2
ψ(z) · ∂ψ(z).

At the same time

−1

2
ψ(z) · ∂ψ(z) =

∑
m

L
(f)
m

zm+2
,

while bosonic part have been already described above. Using Cauchy’s theorem we can obtain
mode expansion of L

(f)
m :

L(f)
m =

1

2

∑
r

(
r +

m

2

)
: b−r · bm+r : .

And finally from supercurent mode expansion

2iψ(z) · ∂X(z) =
∑
r

Gr

zr+3/2

we will obtain
Gr =

∑
p

bp · αr−p.

Problem 4.11
We will use formulae for fermionic and bosonic SETs:

TF (z) = 2iψµ(z)∂Xµ(z),
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TB(z) = −2∂X · ∂X − 1

2
ψ · ∂ψ,

Wick theorem and formulae for bosonic and fermionic fields correlation functions (OPEs). As a
result we will obtain the following OPE (dots represent non-singular - normal-ordered - terms):

TF (z)TF (w) = −4 : ψµ(z)∂Xµ(z)ψν(w)∂Xν(w) : −4〈ψµ(z)ψν(w)〉 : ∂Xµ(z)∂Xν(w) : −

−4〈∂Xµ(z)∂Xν(w)〉 : ψµ(z)ψν(w) : −4〈ψµ(z)ψν(w)〉〈∂Xµ(z)∂Xν(w)〉 =

= −4
: ∂X(z) · ∂X(w) :

z − w
+

: ψ(z) · ψ(w) :

(z − w)2
+

D

(z − w)3
+ · · · =

= −4
: ∂X(w) · ∂X(w) :

z − w
− : ψ(w) · ∂ψ(w) :

z − w
+

D

(z − w)3
+ · · · = D

(z − w)3
+ 2

TB(w)

z − w
+ · · · .

Problem 4.13
We will use field equations actively to reduce immediately a huge amount of terms in δS
variation:

∂̄ψµ = 0, ∂̄c = ∂̄γ = 0, ∂̄∂Xµ = 0.

As a result we will obtain

2πδS = 2η

∫
d2z∂

(
c∂X · ∂̄X

)
.

Therefore total action S = Smatter + Sghost possesses on-shell BRST symmetry.

Problem 4.14
(i) It’s known that a pair of ghost-antighost fields c, b with conformal dimensions 1 − λ, λ
respectively possesses energy-momentum tensor (3.28):

Tbc(z) = −λ : b(z)∂c(z) : +ε(λ− 1) : c(z)∂b(z) : ,

where ε = +1 for fermionic ghosts and ε = −1 for bosonic ghosts. In superconformal theory
besides (b, c) fermionic ghosts with (2, 1) conformal dimensions we also have (β, γ) bosonic
ghosts with

(
3
2
, 1

2

)
conformal dimensions. Therefore we got the following formula for total

bosonic SET:

T ghB =: −2b∂c+ c∂b− 3

2
β∂γ − 1

2
γ∂β : .

For bosonic ghost primary fields we define expansions corresponding to values of their conformal
weights:

β(z) =
∑
n

βn
zn+3/2

, γ(z) =
∑
n

γn
zn−1/2

.

Using these formulae and Cauchy’s theorem we can determine modes of expansion Tβγ =∑
n

Lgh
k(βγ)

zk+2 :

Lghk(βγ) =
∑
m

(
k

2
−m

)
βk+mγ−m.
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In a similar way it may be found a fermionic ghost contribution

Lghm(bc) =
∑
n

(m− n)bm+nc−n.

Total ghost mode contribution to energy-momentum tensor is therefore

Lghm =
∑
n

(m− n) : bm+nc−n : +
∑
n

(m
2
− n

)
: βm+nγ−n : .

Now let’s use holomorphic fermionic energy-momentum tensor (Noether supercurrent, cor-
responding to supertranslations)

T ghF = −2bγ + c∂β +
3

2
β∂c

and Cauchy’s theorem to derive mode components of expansion T ghF =
∑

r
Gr

zr+3/2 . Ghost con-
tribution may be easily calculated with the help of known Laurent expansions of primary fields
b, c, β, γ. It is given by equation

Ggh
r = −

∑
n

(
2bnγr−n +

(
n+

3

2

)
cr−nβn +

3

2
(n− 1)βr−ncn

)
=

= −2
∑
n

(
bnγr−n +

(
r − n

2

)
βr−ncn

)
.

We have used commutativity of βr and cn modes.
(ii) In the Problem 3.11 it was derived general formula

c(ε, λ) = −2ε(6λ2 − 6λ+ 1).

for ghost energy-momentum tensor (3.28). We can use it to calculate contribution of bosonic
ghosts to central charge: it’s equal to 11. Contribution of fermionic ghosts is known to be equal
to −26, and contribution of bosonic+fermionic world sheet fields is 3D

2
. Requiring total central

charge to be zero we will obtain the condition on space-time dimension: D = 10.

Problem 4.15
We will deal with NS sector but the solution is literally the same in the case of R sector: just
replace all half-integer r− type indices by integer m− type ones and G by F .

BRST charge has a form of

QB =
1

2πi

∮
dz

(
cTmatterB + γTmatterF + bc∂c− 1

2
cγ∂β − 3

2
cβ∂γ − bγ2

)
.

It has ghost number +1 (the number of c-ghosts minus the number of b-antighosts) and con-
formal ghost number +1 (number of ghosts γ − β). For general energy-momentum tensor and
primary field Φ(z) with conformal weight h it was derived in the solution of Problem 3.7 the
following relation:

[Lm,Φn] = (m(h− 1)− n)Φm+n.
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Using this we can obtain

[Lm, bn] = (m− n)bm+n, [Lm, βr] =
(m

2
− r
)
βm+n.

From BRST transformations it directly follows that

{QB, b(z)} = TB(z), [QB, β(z)] = TF (z),

from which follows
{QB, bn} = Ln − aNSδn,0, [QB, βr] = Gr.

Now we have a total anomaly-free superextended Virasoro algebra

[Lm, Ln] = (m− n)(Lm+n − aNSδm+n,0), [Lm, Gr] =
(m

2
− r
)
Gm+r.

With the help of all pointed out above we can prove that r.h.s. of the following equations
vanish:

{[QB, Lm], bn} = {[Lm, bn], QB}+ [{bn, QB}, Lm] = 0,

{[QB, Lm], βr} = {[Lm, βr], QB}+ [{βr, QB}, Lm] = 0.

Therefore [QB, Lm] being non-zero can not contain c and γ ghosts, but it’s known to have a
positive ghost and conformal ghost numbers. Thus [QB, Lm] = 0. Treating of {[QB, Gr], bn}
and {[QB, Gr], βr} in a similar manner proves them to be zero too. It follows that

[Q2
B, bn] =

1

2
[{QB, QB}, bn] =

1

2
[{QB, bn}, QB] +

1

2
[{bn, QB}, QB] = [Ln, QB] = 0, (4.39)

[Q2
B, βn] =

1

2
[{QB, QB}, βn] =

1

2
{[QB, βn], QB}+

1

2
[{βn, QB}, QB] = [Gr, QB] = 0, (4.40)

where we’ve used graded Jacobi identities. The last two expressions lead to the conclusion,
that Q2

B being non-zero can not contain c and γ ghosts. But it has +1 ghost number and +1
conformal ghost number. Therefore Q2

B = 0.

5 Strings with space-time supersymmetry

Problem 5.1
Supersymmetric particle action is given by

S = S1 + S2 = −m
∫
dτ
√
−Π0 · Π0 −m

∫
dτΘ̄Γ11Θ̇.

Momentum of particle is proportional to

Πµ
0 = Ẋµ − Θ̄AΓµΘ̇A =

(
∂X ′µ

∂τ ′
− Θ̄′AΓµ

∂Θ′A

∂τ ′

)
∂τ ′

∂τ
,

where
X ′µ(τ ′) = Xµ(τ), Θ′A(τ ′) = ΘA(τ).
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Therefore

S1 → −m
∫
dτ ′

∂τ

∂τ ′

√
−Π′0 · Π′0

(
∂τ ′

∂τ

)2

= S1, S2 → −m
∫
dτ ′

∂τ

∂τ ′
Θ̄′Γ11

∂Θ′

∂τ ′
∂τ ′

∂τ
= S2,

which ends the proof of reparametrization invariance.

Problem 5.2
(i) Massive point particle may be described by action

S0 =
1

2

∫
dτ

(
1

e
Ẋ2 −m2e

)
.

From this we can get action for supersymmetric action by replacing Ẋµ → Ẋµ − Θ̄AΓµΘ̇A:

S =
1

2

∫
dτ

(
1

e
(Ẋµ − Θ̄AΓµΘ̇A)2 −m2e

)
.

(ii) Massless limit gives an action

S =
1

2

∫
dτ

1

e
(Ẋµ − Θ̄AΓµΘ̇A)2 =

1

2

∫
dτ

1

e
Π2

0,

equation of motion for auxiliary field e(τ) gives constraint Π2
0 = 0.

(iii) In the theory with action possessing an auxiliary field the view of local κ-symmetry may
be represented as:

δΘA = Γ · Π0κ
A, δXµ = Θ̄AΓµδΘA, δe = 4eκ̄AΘ̇A. (5.41)

Because of (Γ · p)2 = 0 means half-degeneracy of matrix Γ · p half of ΘA components may be
fixed. We can notice that (5.41) transformations for point particle give δΠµ

0 = 2κ̄AΓ ·Π0ΓµΘ̇A.
This leads to δS = 0 even without implicit use of Π2

0 = 0, i.e. off-shell. This simple fact may
be verified by the following line of calculations:

δΠ2
0 = 2Π0µδΠ

µ
0 = 4Π0µκ̄

AΓ · Π0ΓµΘ̇A = 4κ̄A(Γ · Π0)2Θ̇A = 2κ̄A(ΓµΓν + ΓνΓµ)Π0µΠ0νΘ̇
A =

= 4Π2
0κ̄

AΘ̇A.

Or we can consider alternative representation of κ-transformation of spinor

δΘA = κ̄AP−

and corresponding κ-transformation of auxiliary field e(τ) to make action invariant:

δe = − 4e

Π2
0

κ̄AP−Γ · Π0Θ̇A.

Bosonic coordinate transformation is the same as in (5.41) (with appropriate δΘA). In this case
κ transformation of spinor Θ differs from that considered above by supersymmetry translation.
This follows from the definition of P−:

P− =
1

2
(1− Γ · Π0√

−Π2
0

Γ11).
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Therefore our calculations above automatically prove invariance of the action under κ-transformations
written in the form BBS (5.32).

Problem 5.3
We know, that for C = Γ0 we got CΓµ = −ΓTµC in Majorana representation (Γ†µ = ΓTµ ).
Therefore

CΓµ1···µnC
−1 = CΓ[µ1Γµ2 · · ·Γµn]C

−1 = CΓ[µ1C
−1CΓµ2C

−1 · · ·CΓµn]C
−1 =

= (−1)nΓT[µ1
ΓTµ2
· · ·ΓTµn] = (−1)nΓTµn···µ1

,

therefore
CΓµ1···µn = (−1)nΓTµn···µ1

C.

We will use it bellow (remember also that any time we permute spinors we have to insert minus
sign and that CT = −C):

Θ̄1Γµ1···µnΘ2 = Θ̄1Γ[µ1 · · ·Γµn]Θ2 = ΘT
1CΓ[µ1 · · ·Γµn]Θ2 =

= −ΘT
2 ΓT[µn · · ·Γ

T
µ1]C

TΘ1 = ΘT
2 ΓT[µn · · ·Γ

T
µ1]CΘ1 =

= ΘT
2 ΓTµ1···µnCΘ1 = (−1)nΘ̄2Γµn···µ1Θ1 =

= (−1)n+
n(n−1)

2 Θ̄2Γµ1···µnΘ1 = (−1)
n(n+1)

2 Θ̄2Γµ1···µnΘ1.

In the case of n = 1 we get (−1)
n(n+1)

2 = −1 and return to the formula

Θ̄1ΓµΘ2 = −Θ̄2ΓµΘ1.

Problem 5.4
In the proof of SUSY invariance of action S2 (Problem 5.7) it’s pointed out the following
identity:

Γµψ[1ψ̄2Γµψ3] = 0,

where it’s assumed antisymmetrization over spinors. Because of

ΓµdΘdΘ̄ΓµdΘ = ΓµΘ,λΘ̄,ρΓµΘ,σdx
λ ∧ dxρ ∧ dxσ

assumes antisymmetrization too (for set of different values of λ, ρ, σ), we conclude, that this
value is zero.

Problem 5.5
There’re at least two ways to prove invariance of the action. First is to use expression

S2 =

∫
M

Ω2 =

∫
D

Ω3,

where M is world-sheet, which after diffeomorphism transformation and possibly (in the case
of open string) glueing of edges, becomes the border of some D. According to Stokes theorem
Ω3 = dΩ2, and we know Ω2 because we know action. Therefore (see BBS (5.44))

Ω3 = c(dΘ̄1ΓµdΘ1 − dΘ̄2ΓµdΘ2)Πµ.
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This is SUSY-invariant 3-form, because it’s composed of invariant forms dΘA, Πµ. Therefore
δS = 0. Let’s prove used here formula BBS (5.44). Observe that when we take dΩ2 basing
on BBS (5.55) expression we can add and subtract term Θ̄AΓµdΘA to accomplish dXµ to Πµ

1-form. Then we will get

dΩ2 = (dΘ̄1ΓµdΘ1 − dΘ̄2ΓµdΘ2)(dXµ − Θ̄AΓµdΘA) +

+(dΘ̄1ΓµdΘ1 − dΘ̄2ΓµdΘ2)(Θ̄1ΓµdΘ1 + Θ̄2ΓµdΘ2)−

−dΘ̄1ΓµdΘ1Θ̄2ΓµdΘ2 − Θ̄1ΓµdΘ1dΘ̄2ΓµdΘ2 =

= Ω3 − Θ̄1ΓµdΘ1dΘ̄1ΓµdΘ1 + Θ̄2ΓµdΘ2dΘ̄2ΓµdΘ2.

In these calculations we have used the fact that all products of 1-forms are wedges.
Second way assumes direct calculation: substitution of SUSY transformations

δΘA = εA, δXµ = ε̄AΓµΘA

inside variation of action. All such variations use property of antysymmetrization - wedge
product - which makes fermions permutable with no change of sign. How this may be done (on
an example of SUSY invariance) is studied in the solution of Problem 5.7.

Problem 5.6
The simplest way to solve this problem is to notice that while in Γµ1ν1µ2ν2 we have antisym-
metrization over all indices, in {Γµ1ν1 , Γµ2ν2} antisymmetrization is performed only among
first and second pairs of indices. Therefore in the relation between these two values should
be presented anticommutators of gamma-matrices with extra ’antisymmetrizations’, which is
actually symmetrization in each concrete term because we only have ηµν-value to employ for
any generic equation. Therefore we got

Γµ1ν1µ2ν2 = a{Γµ1ν1 , Γµ2ν2}+ bηµ1µ2ην1ν2 + cηµ1ν2ην1µ2 .

For µ1 = µ2 = ν1 = ν2 all gamma-matrices perish, and for equation to hold we ought to impose
c = −b. For µ1 = 0, ν1 = 1, µ2 = 2, ν2 = 3 we have {Γµ1ν1 , Γµ2ν2} = 2Γ0123 (because
antisymmetrization assumes division by factorial) and Γµ1ν1µ2ν2 = Γ0123. Due to c = −b eta-
terms cancel each other, and we are to impose a = 2. Therefore we have obtained

Γµ1ν1µ2ν2 = 2{Γµ1ν1 , Γµ2ν2}+ bηµ1µ2ην1ν2 − bηµ1ν2ην1µ2 . (5.42)

Consider now µ1 = µ2 = 0, ν1 = ν2 = 1. We have {Γµ1ν1 , Γµ2ν2} = 2Γ0Γ1Γ0Γ1 =
−2Γ0Γ0Γ1Γ1 = 2I and r.h.s. of (5.42) is equal to −b. Therefore b = −2, c = 2 and

Γµ1ν1µ2ν2 = 2{Γµ1ν1 , Γµ2ν2} − 2ηµ1µ2ην1ν2 + 2ηµ1ν2ην1µ2 .

Problem 5.7
We already sure that the action S2 is supersymmetric, because

S2 =

∫
M

Ω2 =

∫
D

Ω3,
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where M is world-sheet and Ω3 is composed of SUSY-invariant 1-forms. But we can also show
supersymmetry invariance explicitly. We have the action

S2 =
1

π

∫
d2σεαβ[−∂αXµ(Θ̄1Γµ∂βΘ1 − Θ̄2Γµ∂βΘ2)− Θ̄1Γµ∂αΘ1Θ̄2Γµ∂βΘ2]

which may be rewritten in a geometrical form

S2 =

∫
M

Ω2 =
1

π

∫
M

(
(Θ̄1ΓµdΘ1 − Θ̄2ΓµdΘ2)dXµ − Θ̄1ΓµdΘ1Θ̄2ΓµdΘ2

)
.

We assume wedge products everywhere where differentials (1-forms) are multiplied. Otherwise
we would have dΘ̄1ΓµdΘ1 = −dΘ̄1ΓµdΘ1 = 0 due to expression for Majorana spinors χ̄Γψ =
−ψ̄Γχ (see solution to Ex. 5.1, which is generalized in the solution of Problem 5.3 here). But
with wedge product χ ∧ ψ = ψ ∧ χ.

Substitution of supersymmetry transformations

δΘA = εA, δXµ = ε̄AΓµΘA

inside the variation of action S2 results in

πδΩ2 = d(ε̄1ΓµdΘ1Xµ − ε̄2ΓµdΘ2Xµ) +

+Θ̄1ΓµdΘ1ε̄1ΓµdΘ1 + Θ̄1ΓµdΘ1ε̄2ΓµdΘ2 − Θ̄2ΓµdΘ2ε̄1ΓµdΘ1 − Θ̄2ΓµdΘ2ε̄2ΓµdΘ2 −

−ε̄1ΓµdΘ1Θ̄2ΓµdΘ2 − Θ̄1ΓµdΘ1ε̄2ΓµdΘ2 =

= d(ε̄1ΓµdΘ1Xµ − ε̄2ΓµdΘ2Xµ) +

+Θ̄1ΓµdΘ1ε̄1ΓµdΘ1 − Θ̄2ΓµdΘ2ε̄1ΓµdΘ1 − Θ̄2ΓµdΘ2ε̄2ΓµdΘ2 − ε̄1ΓµdΘ1Θ̄2ΓµdΘ2.

Because of wedge products are assumed here last and pre-pre-last terms cancel each other:
Θ̄2ΓµdΘ2 and ε̄1ΓµdΘ1 are bosons and they are permutable therefore, but they are 1-forms at
the same time, therefore they ought to be antisymmetrized, if multiplied by wedge product;
but they are symmetrized.

Therefore to show superinvariance of the action we must explore terms of the type

A = ε̄ΓµdΘΘ̄ΓµdΘ.

This may be rewritten as
A = (A1 + A2)d2σ,

where

A1 =
2

3

(
ε̄ΓµΘ̇Θ̄ΓµΘ′ + ε̄ΓµΘ′ ˙̄ΘΓµΘ + ε̄ΓµΘΘ̄′ΓµΘ̇

)
, (5.43)

A2 =
1

3

(
ε̄ΓµΘ̇Θ̄ΓµΘ′ + ε̄ΓµΘ′ ˙̄ΘΓµΘ− 2ε̄ΓµΘΘ̄′ΓµΘ̇

)
=

=
1

3

∂

∂τ
(ε̄ΓµΘΘ̄ΓµΘ′)− 1

3

∂

∂σ
(ε̄ΓµΘΘ̄ΓµΘ̇).

Notice that A2 is a total derivative, and A1 vanishes because it’s of the type

ε̄Γµψ[1ψ̄2Γµψ3]
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with ψ = (Θ, Θ′, Θ̇) and antisymmetrization, assumed by square brackets. This expression is
proved to vanish in super Yang-Mills theory (see, e.g., GSW vol.1 App. 4A).

Therefore supersymmetric variation of S2 is an exact form, and invariance of action depends
on boundary conditions on ∂M . But in terms of D-integral action

∫
D

Ω3 has invariance inde-
pendent of any boundary conditions. The thing is that we can retrieve Ω2 from Ω3 only up
to an exact form: Ω2 → Ω2 + dω, because the only relation between Ω2 and Ω3 is Ω3 = dΩ2.
Therefore to the variation of Ω2 it may be added any exact form of the type dδω, which will
enable supersymmetry of action

∫
M

Ω2 independently of any boundary conditions on ∂M .

Problem 5.8
The superstring action in light cone gauge has the same form as RNS superstring action:

S = − 1

2π

∫
d2σ(∂αXi∂

αX i + S̄aρα∂αS
a), (5.44)

where Sa = (Sa1 , S
a
2 ) is 16-component space-time spinor (composed of two Majorana-Weyl

spinors with reduced by half number of components due to light-cone gauge) where Sa1 and
Sa2 are transformed (in spinor representation) under Spin(8) with two opposite chiralities in
type-IIA theory and with the same chiralities in type-IIB theory. In considered here case of
type-I superstring S1 = S2.

After fixing of light-cone gauge we are left with 8-component spinor S = S1 = S2 but actually
in open string we have 16 supersymmetries - the number of Majorana-Weyl spinor components
in ten space-time dimensions. It means that we can perform not only supersymmetry transfor-
mations which preserve light-cone gauge but also supersymmetry transformations that violate
it. The later are to be accompanied with corresponding κ-transformation - according to the
very idea of application of κ-symmetry.

Consider first such space-time SUSY transformations, that doesn’t violate light-cone gauge
of Sa, i.e. such δSa = εa that Γ+ε = 0 (a is spinor index, which is also one of indices of Spin(8)
Γ-matrix). This expression eliminates half of the components of 16D εa. At the same time from
Γ+Θ = 0 for some Θ (being S or ε here) follows Θ̄Γ+ = 0, therefore with the help of inserting
1 = −1

2
(Γ+Γ− + Γ−Γ+) between ε̄ and Γi in the expression ε̄ΓiS it may be easily shown that

ε̄ΓiS = 0. Therefore we have 8-parametric SUSY transformations preserving light-cone gauge:

δSa = εa, δX i = ε̄ΓiS = 0.

Using this transformation laws we can construct Noether current with the help of Noether
theorem:

δS = − 1

2π

∫
d2σε̄aρα∂αS

a =

∫
d2σε̄a∂αJ

aα,

from which we can conclude that conserved Noether charge is given by Qa = −2π
∫ π

0
dσJ0

a =∫ π
0
dσρ0Sa. Zero modes of Noether currents are symmetry algebra generators (this ideology is

described on pages 68-69 BBS). Here they are

Qa =
√

2p+Sa0 ,

and they indeed generate appropriate transformations:

δSa =
√

2p+εa, δX i = 0.
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Consider then SUSY transformations that violate light-cone gauge of Sa. Such SUSY trans-
formations should be accompanied with local κ-transformation, which we write in a form similar
to that used for point particle in the solution of Problem 5.2. (see GSW (5.134), (5.135)):

δS = ε+ 2Γ · Πακ
α

in a way to make total transformation preserving light-cone gauge. If light-cone gauge is
preserved it means that space-time superstring action preserves its form (5.44), which is that
for world-sheet action (transition to world-sheet makes a to be vector index of SO(8)). For the
later supersymmetry transformations are local D = 2 supersymmetries, given by BBS (4.11),
(4.12) (we introduce Γ-matrices here to switch chiralities in an appropriate way: we steal deal
with Sa but perform transformations with opposite Spin(8) chirality ε̄ȧ). Therefore they are
SUSY transformations of the world-sheet theory:

δSa = ρα∂αX
iΓi
aḃ
ε̄ḃ
√
p+, δX i = Γi

aḃ
ε̄ḃSa/

√
p+. (5.45)

Here Γ-matrices play the role of Clebsh-Gordon coefficients, connecting three representations
of Spin(8) for the aim described above:

|ȧ〉 = ΓiȧbS
b
0|i〉, |i〉 = ΓiȧbS

b
0|ȧ〉.

Generators of (5.45) transformations which are zero-modes of corresponding Noether currents
are

Qȧ =
1√
p+

Γiȧb
∑
n

Sb−nα
i
n.

Supersymmetry generators satisfy anticommutation relations:

{Qa, Qb} = 2p+δab, {Qa, Qȧ} =
√

2Γiaȧp
i, {Qȧ, Qḃ} = 2Hδȧḃ,

where

H =
1

2p+
((pi)2 + 2N),

excitation number operator is

N =
∞∑
m=1

(αi−mα
i
m +mSa−mS

a
m).

The last formula is a consequence of corresponding formula in the R sector of RNS string.

Problem 5.9
(i) Gauge transformation of strength tensor is given by δΛF = [F,Λ], which leads to

δΛtrF ∧ F = trδΛF ∧ F + trF ∧ δΛF = tr[F,Λ] ∧ F + trF ∧ [F,Λ] =

= Λb(F a ∧ F c)tr([T a, T b]T c) + Λc(F a ∧ F b)tr(T a[T b, T c]) = 0,

as may be shown by using possibility of cyclic permutation inside trace.
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Then note that due to definition

F = dA+ A ∧ A

it takes place Bianchi identity

dF − F ∧ A+ A ∧ F = 0 .

We can use it to express dF in the following line of calculations:

dtr(F ∧ F ) = tr(dF ∧ F + F ∧ dF ) =

= tr(F ∧ A ∧ F − A ∧ F ∧ F + F ∧ F ∧ A− F ∧ A ∧ F ) =

= F a ∧ F b ∧ F ctr([λaλb, λc]) =
1

2
dbacF a ∧ F b ∧ Ac = 0 .

The conclusion of equality to zero was drawn from the fact that F a ∧ F b is symmetric with
respect to a and b indices permutation, while dbac is antisymmetric.
(ii) First of all note, that trA ∧ A ∧ A ∧ A = 0. Indeed:

tr(A ∧ A ∧ A ∧ A) = AaµA
b
νA

c
λA

d
ρtr(λ

aλbλcλd)dxµ ∧ dxν ∧ dxλ ∧ dxρ =

= −AaµAbνAcλAdρtr(λdλaλbλc)dxρ ∧ dxµ ∧ dxν ∧ dxλ =

= −AbνAcλAdρAaµtr(λaλbλcλd)dxµ ∧ dxν ∧ dxλ ∧ dxρ,

where in the last transition we’ve replaced (µνλρ) → (νλρµ) and (abcd) → (bcda). The real
value which is equal to negative of itself is zero.

Therefore
trF ∧ F = trdA ∧ dA+ tr(dA ∧ A ∧ A+ A ∧ A ∧ dA). (5.46)

From another side

dω3 = trdA ∧ dA+ tr

(
2

3
dA ∧ A ∧ A− 2

3
A ∧ dA ∧ A+

2

3
A ∧ A ∧ dA

)
. (5.47)

One can easily calculate

trdA ∧ A ∧ A =
1

2
(∂λA

a
µ − ∂µAaλ)AbνAcρtr(λaλbλc)dxλ ∧ dxµ ∧ dxν ∧ dxρ,

trA ∧ dA ∧ A =
1

2
(∂λA

a
µ − ∂µAaλ)AbνAcρtr(λcλaλb)dxρ ∧ dxλ ∧ dxµ ∧ dxν =

= −1

2
(∂λA

a
µ − ∂µAaλ)AbνAcρtr(λaλbλc)dxλ ∧ dxµ ∧ dxν ∧ dxρ,

trA ∧ A ∧ dA =
1

2
(∂λA

a
µ − ∂µAaλ)AbνAcρtr(λbλcλa)dxν ∧ dxρ ∧ dxλ ∧ dxµ =

=
1

2
(∂λA

a
µ − ∂µAaλ)AbνAcρtr(λaλbλc)dxλ ∧ dxµ ∧ dxν ∧ dxρ.

Using these formulae we can divide middle term in the second trace of r.h.s. of (5.47) by two
and combine each of the resulting sub-terms with first and second terms in that trace. The
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result is immediately (5.46).
(iii) There’s a general formula for representation of trF ∧ · · · ∧ F with p+ 1 multipliers (being
2(p+ 1)-form) as dω2p+1, where Chern-Simons 2p+ 1-form is (see GSW (13.3.35)):

ω2p+1 = (p+ 1)

∫ 1

0

dssptr
(
A
(
dA+ sA2

)p)
.

While opening brackets do not permutate multipliers. All products of forms are wedge.

Problem 5.11
(i) From BBS (5.112) it follows the following expression up to terms of fourth order in curvature:

Â(R) = 1 +
1

48
trR2 + . . . .

From this formula using BBS (5.116) expression

Â(R/2) =

√
L(R/4)Â(R)

we obtain

L(R) = 1− 1

6
trR2 + . . . .

Because of trace is performed over N × N matrices of fundamental representation of SO(N),
then

tr cosF = N − 1

2
trF 2.

Using all collected formulae we can obtain the first two order terms of expansion of

Y =
1

2

√
Â(R)tr cosF − 16

√
L(R/4) =

N − 32

2
− 1

4
trF 2 +

N + 16

192
trR2,

from which it follows, that

Y4 =
N + 16

192
trR2 − 1

4
trF 2.

(ii) With the help of Chern-Simons forms, applied to gravity gauge theory (with spin connection
gauge field and Lorentz gauge transformations) and Yang-Mills gauge theory (with vector-
potential gauge field and local gauge transformation of it), we will get the following composition:

Y4 = dω3, ω3 = ω3R + ω3F ,

ω3F = −1

4
tr

(
A ∧ dA+

2

3
A ∧ A ∧ A

)
, ω3R =

N + 16

192
tr

(
ω ∧ dω +

2

3
ω ∧ ω ∧ ω

)
.

In general trF 2 = dω3 therefore, because of trF 2 is gauge invariant, ω3 should vary on closed
expression. Recalling that δA = dΛ + [A,Λ], one concludes that δω3 = tr(dΛ∧ dA), which may
be rewritten as δω3 = dtr(Λ ∧ dA) (we can transform it to tr(dΛ ∧ A) via addition of exact
form). All together:

δω3 = dG2,
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where

G2 =
N + 16

192
tr(Θ ∧ dω)− 1

4
tr(Λ ∧ dA).

Problem 5.12
These relations obviously follow from relation

TreiF =
1

2
(tr cosF )2 − 1

2
tr cos 2F,

which is supposed to be proved in the solution of Problem 5.10 for SO(N). Comparing different
powers of F in r.h.s. and l.h.s. one gets

TrF 2 = (N − 2)trF 2,

TrF 4 = (N − 8)trF 4 + 3(trF 2)2,

TrF 6 = (N − 32)trF 6 + 15trF 2trF 4,

which in the case of N = 32 gives
TrF 2 = 30trF 2,

TrF 4 = 24trF 4 + 3(trF 2)2,

TrF 6 = 15trF 2trF 4,

Problem 5.13
What we should check is that equation

TrF 6 =
1

48
TrF 2TrF 4 − 1

14400
(TrF 2)3 (5.48)

is satisfied by E8 group, and then due to direct sum decomposition of adjoint representation of
E8 × E8 into independent blocks of E8’s this condition will be satisfied by total E8 × E8. For
E8 the following equations take place (see BBS (5.146)):

TrF 4 =
1

100
(TrF 2)2, TrF 6 =

1

7200
(TrF 2)3,

first of them is proved in the solution of Problem 5.15, and the second must be proved in a
similar manner. Substituting these equations into (5.48) we obviously verify its validity.

Problem 5.14
Let’s check whether proposed in the statement of this problem gauge groups satisfy conditions
of cancellation of anomalies. First condition is that the dimension of gauge group should be
496 is obviously satisfied by both of variants. The second condition is (5.48), where F is any
generator of gauge group.

For U(1)496 any generator in adjoint representation is a zero matrix, because the group is
abelian and any multiplication in algebra (which is commutator) will give zero result. Therefore
all traces are zero and condition (5.48) is obviously satisfied.
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In the case of E8 × U(1)248 in fundamental representation there’s a decomposition

F =

(
FE
0

0

FU

)
,

where FE is a E8 generator and FU is a U(1)248 generator. In adjoint representation it obviously
goes to

adF =

(
adFE

0

0

0

)
,

and therefore the traces over any power of U(1)248 part are zero and have no contribution to
the total trace and we can separately study traces over E8 block. Therefore cancellation of
anomalies in this case obviously follows from the cancellation of anomalies for E8, because
condition (5.48) is satisfied by E8.

Problem 5.15
The basis of E8 may be constructed out of generators Jij of its SO(16) subgroup and generators
Qα, transforming in a positive chirality representation 128 of SO(16):

[Jij, Qα] = (σij)αβQβ,

where σij = 1
4
[γi, γj] are generators of SO(16) in chiral spinor representation. Obviously there’re

120 generators of SO(16) and 1
2
216/2 = 128 positive-chirality (half of Spin(16)) generators Qα.

In this solution we will focus on proof of first of BBS (5.146) equalities for F being SO(16)
generator. Suppose F = Jij is some element of SO(16) subalgebra. Using commutators of E8

in considered here decomposition we will get the following 248 = 120 + 128 decomposition of
adjoint representation of F :

ad F =

(
ad FSO(16)

0

0

(σF )αβ

)
,

where σF = σij, and ad FSO(16) refer to adjoint representation of F as an element of SO(16),
not the whole E8. For the last value we may use formulae from solution of Problem 5.12:

Tr (adFSO(16))
2 = 14trF 2

SO(16) = −28, Tr (adFSO(16))
4 = 8trF 4

SO(16) + 3(trF 2
SO(16))

2 = 28,

where because of FSO(16) is SO(16) generator Jij in fundamental representation, which has only
two non-zero elements, thus trace of any even power of it is easily calculated.

The σ part of trace is calculated with the help of equality

σ2
F = −I

4
,

where I is 128× 128 matrix. Using this fact will get expressions for total traces:

Tr(adF )2 = −28− 1

4
TrI = −60, Tr(adF )4 = 28 +

1

16
TrI = 36.

It’s obviously that

Tr (adF )4 =
(Tr adF 2)2

100
is satisfied.
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6 T-duality and D-branes

Problem 6.1
Let’s proceed to superconformal symmetry from world-sheet (space-time) supersymmetry. Su-
perconformal transformations are supersymmetry transformations, written for fields depending
on complex conformal coordinates z, z̄. For example, we can write down world-sheet super-
symmetry transformations in their superconformal form:

δXµ(z, z̄) = δXµ
L(z̄) + δXµ

R(z) = −ε̃(z̄)ψ̃µ(z̄)− ε(z)ψµ(z),

δψµ(z) = ε(z)∂Xµ(z), δψ̃(z̄) = ε̃(z̄)∂̄Xµ(z̄).

World-sheet RNS strings are equivalent to GS strings with N = 2 space-time supersymmetry.
This means that type-II superstring theories may be formulated either in RNS or GS formalisms.
Here we are going to solve the stated problem in terms of RNS formalizm.

Consider T -duality for superstring in M10 = R8,1 × S1, i.e. superstring with compactified
ninth dimension.

From superconformal transformations to be symmetry of the model it follows that ifX ′9R (z) =
−X9

R(z) in T -dual theory, then we should also define ψ′9(z) = −ψ9(z) in T -dual theory. The
difference between type-IIA and type-IIB RNS superstrings is the relative chirality of R sector
right- and left-movers. If the chiralities are the same, it’s type-IIB theory. But for R sector
it’s known that zero modes of expansion of fermionic field form a representation of Clifford
algebra. Therefore reversion ψ9(z)→ −ψ9(z) also means Γ9 → −Γ9 and therefore Γ11 → −Γ11.
The last obviously leads to the change of chiralities for right-moving sector, which obviously
interchanges type-IIA and type-IIB theories.

As for mass-shell conditions, they are not changed, because T-duality besidesR→ R̃ = α′/R
also assumes interchange of winding number W and Kaluza-Klein number K. The fermionic
part in number operators NL and NR is not affected by T-duality, while contemplations for
bosonic part are exactly the same as in the case of bosonic string.

Therefore there’s a correspondence - T-duality - between spectrum of type-IIA superstrings
with X9 = X9

R + X9
L compactified on a circle with radius R, and type-IIB superstring with

X ′9 = X9
L −X9

R, compactified on a circle with radius R̃ = α′/R.

Problem 6.2
Consider oriented open string with one coordinate X being compactified on a circle of radius
R and coupled to U(N) field A by term

〈ij|Lint|ij〉 = Ẋ (〈i|A|i〉 − 〈j|A|j〉) . (6.49)

The idea behind such coupling is that both ends of the string form a representation space for
gauge group U(N), therefore both ends of this string possess U(N) charge, and again therefore
they both interact with field A. But they form conjugate representations N and N̄ of U(N),
which means that they have U(N) charges of opposite signs +1 and −1 (and thus transformed
as |i〉 → eiU |i〉 and |j〉 → e−iU |j〉). But coupling term is proportional to charge. E.g., Maxwell
field it’s eẊA. The physical sense is that charges of opposite signs interact with the same
external field by forces of opposite directions. This is exactly what was used for coupling
Lagrangian (6.49).
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The state of string may be described by vertex operator, which anyway contains a factor
eiPX . This should be single-valued, which requires Kaluza-Klein quantization P = K

R
. Total

momentum P of string in compactified direction is a canonical momentum composed of string
momentum p and shift (for a string in |ij〉 state)

〈ij|∂Lint
∂Ẋ
|ij〉 = 〈i|A|i〉 − 〈j|A|j〉 (6.50)

due to interaction with external field A. If A = 1
2πR

diag{θ1, . . . θN}, string momentum in the
state |ij〉 is given by

p =
K

R
− θi − θj

2πR
.

Formula BBS (6.38) is a trivial consequence of the last equation.

Problem 6.3
(i) Let’s reformulate the problem as follows. Consider now closed string vacuum state. It’s
fermionic part is a product of right- and left-moving GS spinors ψR, ψL. From the position
of space-time supersymmetry this assumes N = 2 supersymmetry, and corresponding string
theory is called type-II superstring.

Define Γ11 = Γ0 · · ·Γ9. As soon as in Majorana representation hermitian conjugation means
a transposing, therefore Γ0 is antisymmetric, while Γi are symmetric. It follows also that Γ11

is symmetric.
Spinors of left- and right-moving sectors are assumed to have definite chirality: it’s assumed

Γ11ψR = ψR, Γ11ψL = ξψL, where ξ = −1 for type-IIA superstring theory and ξ = 1 for type
IIB theory.

Define a 32× 32 matrix F with elements

Fαβ = ψRαΓ0
βγψLγ.

It follows that

(Γ11F )αβ = Γ11αγFγβ = (Γ11αγψRγ)Γ
0
βδψLδ = ψRαΓ0

βγψLγ = Fαβ,

(FΓ11)αβ = FαγΓ11γβ = ψRαΓ0
γδψLδΓ11γβ = −ψRαΓ0

δγΓ11γβψLδ = ψRαΓ11δγΓ
0
γβψLδ =

= ψRαΓ0
γβΓ11γδψLδ = ξψRαΓ0

γβψLγ = −ξψRαΓ0
βγψLγ = −ξFαβ.

If we employ an expansion

F =
10∑
k=0

1

k!
Fµ1···µkΓ

µ1···µk

and identities

Γ11Γµ1···µk =
(−1)[k/2]

(10− k)!
εµ1···µ10Γµk+1···µ10 ,

Γµ1···µkΓ11 =
(−1)[(k+1)/2]

(10− k)!
εµ1···µ10Γµk+1···µ10 ,
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which may be checked directly on simple examples, we will be able to rewrite derived Γ11F =
F, FΓ11 = −ξF as

F µ1···µk =
(−1)[k/2]

(10− k)!
εµ1···µ10Fµk+1···µ10 , (6.51)

F µ1···µk =
(−1)[(k+1)/2]+1

(10− k)!
ξεµ1···µ10Fµk+1···µ10 . (6.52)

For type IIB theory compatibility of the last two expressions requires odd k-values, while type
IIA theory reqires even k values.
(ii) For odd k values and type-IIB theory or for even k values and type-IIA theory equations
(6.51) and (6.52) are equivalent to each other and has the form of

F µ1···µk =
(−1)[k/2]

(10− k)!
εµ1···µ10Fµk+1···µ10 .

Remember that in the theory with flat space-time background (the last is used to substitute√
−g into a general formula):

(?F )µ1···µk =
1

(10− k)!
εµ1···µ10Fµk+1···µ10 .

Comparing this formulae we conclude that

(?F )k = (−1)[k/2]F10−k.

From this equation it follows that we must consider only field strength tensors with rank k < 6,
because higher ranks are expressible through them via Poincare duality. Tensor F5 is dual to
itself. (iii) The calculation of number of independent degrees of freedom in different type string
theories gives:

IIA : 1 +
10 · 9

2!
+

10 · 9 · 8 · 7
4!

= 256, (6.53)

IIB : 10 +
10 · 9 · 8

3!
+

10 · 9 · 8 · 7 · 6
2 · 5!

= 256, (6.54)

where we’ve divided by 2 in the r.h.s. of the last equation, because in difference with the cases
of other forms, the form F(5) is restricted by a condition of self-duality - analog of real-value
condition on number - which follows from preceding point of this solution. The number 256
is equal to the number of independent product results of two Majorana-Weyl spinors in ten
dimensions. But obviously this relates to GS superstrings only before κ-gauge (light cone κ-
gauge choice). Remember, that without gauging away half of MW fermions with the help of
κ-symmetry (i.e. without κ-gauge) the number of fermionic degrees of freedom is incorrect even
from the point of view of equality of total numbers of fermionic and bosonic degrees of freedom.

Problem 6.4
To solve this problem one needs the following identities, which may be verified directly on
simple examples:

ΓµΓν1···νk = Γµν1···νk − 1

(k − 1)!
ηµ[ν1Γν2···νk], (6.55)
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Γν1···νkΓµ = Γν1···νkµ − 1

(k − 1)!
ηµ[νkΓν1···νk−1] (6.56)

The matrix field F introduced in the solution of previous problem, is composed appropriately
out off Dirac massless spinors, and therefore satisfy massless Dirac equation:

pµΓµF = FΓµpµ = 0,

from which with the help of identities (6.55) and (6.56) one can get

pµΓµF = pµ

10∑
k=0

1

k!
Fµ1···µkΓ

µµ1···µk − pµ
10∑
k=0

1

k!(k − 1)!
Fµ1···µkη

µ[µ1Γµ2···µk] = 0, (6.57)

FΓµpµ = pµ

10∑
k=0

1

k!
Fµ1···µkΓ

µ1···µkµ − pµ
10∑
k=0

1

k!(k − 1)!
Fµ1···µkη

µ[µkΓµ1···µk−1] = 0. (6.58)

From (6.58) one can easily go to

pµΓµF = pµ

10∑
k=0

1

k!
(−1)kFµ1···µkΓ

µµ1···µk +pµ

10∑
k=0

1

k!(k − 1)!
(−1)kFµ1···µkη

µ[µ1Γµ2···µk] = 0. (6.59)

As soon as all k values are either odd or even, then we can cancel (−1)k multiplier. If we don’t
concretize type-IIA or type-IIB theory we deal with, then we still write summation over all
k, keeping in mind all features of such notation which we have covered above. Adding and
subtracting (6.57) and (6.59) one can achieve

pµ

10∑
k=0

1

k!
Fµ1···µkΓ

µµ1···µk = 0,

pµ

10∑
k=0

1

k!(k − 1)!
Fµ1···µkη

µ[µ1Γµ2···µk] = 0,

which may be rewritten as

10∑
k=0

1

(k − 1)!
p[µFµ1···µk]Γ

µµ1···µk = 0,

10∑
k=0

1

((k − 1)!)2
pµ1Fµ1···µkΓ

µ2···µk = 0.

In the second equality we took index µ1 out of explicit antisymmetrization (it’s still implic-
itly antisymmetrized with other indices due to contraction of the whole construction with F -
components), which added factor k corresponding to the number of different positions of this
index. Due to independence of terms being elements of Clifford algebra Cl9,1 one goes to

p[µFµ1···µk] = 0,

pµ1Fµ1···µk = 0.
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These equations may be rewritten in coordinate repesentation which has the form stated in the
condition of the problem.

In the point (ii) in the solution of Problem 6.3 we have figured out that Fn = ± ?F10−n. As
soon as field equations and Bianchi identities may be rewritten in differential form notation as

d ? Fn = 0, dFn = 0,

and due to ?? = ±1, then we have correspondingly

dF10−n = 0, d ? Fn = 0.

Problem 6.5
For shortness of notation define Lagrangian in BBS (6.94) through the expression (without
dilation term BBS (6.93)):

4πα′S =

∫
d2σL,

which will lead to
∂L

∂(∂αVβ)
= εαβX̃9, (6.60)

∂L

∂Vβ
= −2g99

√
−hhαβVα − 2g9µ

√
−hhαβ∂αXµ + εβαB9µ∂αX

µ, (6.61)

which is to be used for Lagrange equations for field V β.
There’s a subtlety in this problem which should be underlined. For the construction of

action we should use invariant measure d2σ
√
−h on world-sheet. But we can use εαβ-symbols

(they are not tensors, by the way, on curved world-sheet) instead of
√
−h. The thing is that

Eαβ = εαβ√
−h is a tensor, and therefore we may contemplate in the following way:

∫
d2σεαβΩαβ =∫

d2σ
√
−hEµνΩµν . The later integral is built of invariant measure d2σ

√
−h and tensor product

EµνΩµν . Both values are invariants and the action is thus invariant too.
The second subtlety is that while we can use metric tensor to lower indices of Eαβ tensor,

we can’t do the same with non-tensor value εαβ. Therefore we can’t say that Eαβ is given by
εαβ√
−h . We can’t say, e.g., that εαβ∂αX · ∂βX is equal to εαβ∂

αX · ∂βX. We must do it the
following way:

εαβ∂αX · ∂βX =
√
−hEαβ∂αX · ∂βX =

√
−hEαβ∂αX · ∂βX.

We also know how antisymmetric tensor with lower indices looks like: Eαβ =
√
−hεαβ.

Using formulae (6.60) and (6.61) for Lagrange equation on V -field we will get:

V β = −E
αβ

2g99

∂αX̃
9 − g9µ

g99

∂βXµ +
Eβα

2g99

B9µ∂αX
µ.

What is rest is to substitute this formula inside the action BBS (6.94), paying attention on
noted above, and get an answer:

g̃99 =
1

g99

, g̃9µ =
B9µ

g99

, g̃µν = gµν +
B9µB9ν − g9µg9ν

g99

,
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B̃9µ =
g9µ

g99

, B̃µν = Bµν +
g9µB9ν −B9µg9ν

g99

.

Problem 6.6
First we are going to explore representation of delta-function in spherical symmetric case.
Poisson equation for unit charge with potential φ = 1

r
looks like

∆
1

r
= −4πρ,

where
∫
d3xρ = 4π

∫
drr2ρ(r) = 1 is a total charge. Therefore we conclude that

ρ(r) =
δ(r)

4πr2
,

hence

δ(r) = −r2∆
1

r
.

Due to the fact that spherical symmetric Laplacian acts as ∆f(r) = 1
r2∂r (r2∂rf(r)) we obtain

formal generalized function representation

δ(r) = ∂r · 1.

The representation of delta function constructed here is useful for expression for current jµ =
ρuµ.

Total action is given by
S = SBI + SP ,

where Born-Infeld action is (in the spherical symmetric case after explicit integration over
angular coordinates, constant 1

k2 with k = 2πα′ is introduced to make action dimensionless)

SBI =
4π

k2

∫
dτdrr2

(
1−

√
− det(ηαβ + kFαβ)

)
, (6.62)

and particle action looks like

SP = −
∫
dτdrAµjµ. (6.63)

We consider the case of particle in its rest frame at coordinate x = 0, thus 4-velocity is equal
to uµ = (−1, 0, 0, 0) and current is given by jµ = eδ(r)uµ, which will reduce SP to its more
familiar form

SP = −e
∫
dτuµA

µ.

For our purposes more appropriate form of action is (6.63), because together with (6.62) it allows
to write (τ, r) Lagrangian density L. We search for Coulomb potential Aα = (φ(r), 0, 0, 0) with
the sole independent non-zero component of field strength Ftr = φ′(r). Lagrangian density is
then equal to

L =
4πr2

k2

(
1−

√
1− k2(φ′)2

)
+ eφ(r)δ(r).
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Lagrange equation obviously gives us

4π∂r

(
r2φ′√

1− k2(φ′)2

)
= eδ(r),

using δ-function representation constructed above we proceed to (use also Er = −φ′(r)):

r2Er√
1− k2E2

r

= e,

from which it follows the solution
Er =

e√
r4 + r4

0

,

with r2
0 = ek (remember that charge is dimensionless and [k] = [α′] = 2[L]).

We may use Noether theorem to construct T 00 component of energy-momentum tensor for
field part of the action (i.e. for Born-Infeld part). Here it’s T 00 = −LBI = 4πr2

k2
√

1−k2E2
r

− 4πr2

k2

(because all time derivatives are zero and there’s no momentum which would take part in
formula for T 00), which is a density of energy in coordinate r, and on-shell this is given by
T 00 = 4πr4

k2
√
r4+r4

0

− 4πr2

k2 . Total energy is therefore ε =
∫
drT 00 =

∫
dr( 4πr4

k2
√
r4+r4

0

− 4πr2

k2 ). The

value of integrand is finite when r → 0 in difference with divergent ∼ 1
r2 in Maxwell theory and

has asymptotic behavior ∼ 1
r2 as r →∞, therefore integral is convergent.

Problem 6.7
(i) Lagrangian density is given by

L = −TDp
√
− detHαβ = −TDp

√
−H,

with Hαβ = Gαβ + kbαβ + kFαβ = Gαβ + kFαβ. One can easily find

∂L

∂(∂αAβ)
=

∂L

∂Fγδ

∂Fγδ
∂(∂αAβ)

= k
∂L

∂Hγδ

∂Fγδ
∂(∂αAβ)

=
k

2
TDp
√
−HHγδ(δαγ δ

β
δ−δ

α
δ δ

β
γ ) = kTDp

√
−HHαβ,

which is to be used for construction of gauge field equations of motion:

∂α(
√
−HHαβ) = 0.

(ii) In the solution of Exercise 6.9 (page 243) it’s found that the main Lagrangian constituent√
−H is expanded as

√
−H =

√
−G

(
1 +

k2

4
FαβFαβ +O(k4)

)
.

The value of G is k-independent, therefore in the leading order of k we obtain the following
equation, correcting Maxwell:

∂α(
√
−GHαβ) +

k2

4
∂α(
√
−GF2Gαβ) = 0.

Problem 6.9
(i) Type-I’ theory is constructed as orientifold projection of type-IIA superstring. Presence of
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D8-branes assumes performed duality in X9 direction (starting from all-Neumann string) and
therefore compactification of this direction. If R is radius of compactification (in Neumann-
boundary open string theory), then in the T-dual theory D8 branes emerges perpendicular to
X̃9, where compactification radius of later is R̃ = α′/R.

Orientifold projection may be interpreted with the help of introducing of orientifold planes.
Here orientifold 8-planes (8 for 8 non-compact spatial dimensions) are located at singular points
X̃ = 0, πR̃ of BBS (6.83) orbifolding.

If D-branes are located at some points X̃L = θLR̃ and X̃R = θRR̃ (N1 and N2 = 16 − N1

branes) in the interior of (0, πR̃) interval, then gauge symmetry is broken to U(N1)×U(16−N1).
If θL = 0, i.e. N1 D8-branes are located at X̃ = 0, then they give unbroken SO(2N1) × U(1)
gauge group. If θR = π, i.e. N2 D8-branes are located at X̃ = πR̃, then they give unbroken
SO(2N2)×U(1) gauge group. Gauge symmetry in the first-non-second case is SO(2N1)×U(1)×
U(16−N1), in the second-non-first case is U(N1)× SO(32− 2N1)×U(1). If θL = 0, θR = πR̃,
then gauge symmetry is maximal: SO(2N1)× SO(32− 2N1)× U(1)2.
(ii) According to previous point this is the case of θ′L = 0, θ′R = πR̃ and gauge group SO(16)×
U(1)× SO(16)× U(1).

Problem 6.11
(i) We are to determine variation of 2-form

b = (Θ̄1ΓµdΘ1 − Θ̄2ΓµdΘ2)(dXµ − 1

2
Θ̄AΓµdΘA),

where wedge product is assuemd implicitly, under supersymmetry transformations:

δΘA = εA, δXµ = ε̄AΓµΘA.

This is a straightforward task. What is important is that due to the actual presence of wedge
product between differentials (basic Grassmann 1-forms), the values of the type ε̄1ΓµdΘ1 and
Θ̄2ΓµdΘ2 anticommute, being in wedge product. With respect to this feature we will result in

δb = d((ε̄1ΓµdΘ1 − ε̄2ΓµdΘ2)Xµ)− ε̄1ΓµdΘ1Θ̄1ΓµdΘ1 + ε̄2ΓµdΘ2Θ̄2ΓµdΘ2.

The last two tems vanish, because they are of the type, described in Problem 5.7. Therefore

δb = −dΛ,

where
Λ = (ε̄2ΓµdΘ2 − ε̄1ΓµdΘ1)Xµ.

(ii) Requiring the value of 2-form F = F +b to be supersymmetric, where F = dA, one obtains
the following law for A-field transformation (up to an exact form, i.e. gauge transformation):

δA = Λ.

Problem 6.12
Define tensor components:

Gαβ = gαβ +Bαβ + k2∂αΦi∂βΦi + kFαβ

51



and its determinant G, which is obtained by pullback of NS-NS background fields gµν , Bµν

and Maxwell field Fµν to the world-volume of Dp-brane. Obviously then gauge variation (BBS
(6.130) with appropriate variation of Maxwell field) of DBI action is given by

δSDp = −TDp
2

∫
dp+1σe−Φ0

√
−GGαβδGαβ = −TDp

2

∫
dp+1σe−Φ0

√
−GGαβ(δBαβ + kδFαβ).

If we require it to be zero, i.e. we require gauge invariance of the action, then we must require

δBαβ + kδFαβ = (δBµν + kδFµν)∂αX
µ∂βX

ν = 0,

which in differential form notation for δB = dΛ assumes δF = − 1
k
dΛ, therefore δA = − 1

k
Λ.

Problem 6.13
(i) We are going to exploit general formula of DBI D-brane static action

SDp = −TDp
∫
dp+1σ

√
−G

with G being determinant of tensor matrix with elements

Gαβ = ηαβ + k2∂αΦi∂βΦi + kFαβ.

Here p = 3, we choose coordinates t, r, θ, φ (we don’t need to insert Jacobian factor for this
coordinates because of tensor determinant is present, and it’s written in the same coordinates
as the measure dp+1σ), there’s only one non-zero scalar field Φ(r) and only one Maxwell field
component At(r). Therefore

Gαβ =

[ −1
−kA′t(r)

0
0

kA′t(r)
1+k2(Φ′(r))2

0
0

0
0
1
0

0
0
0
1

]
αβ

From this we can easily figure out determinant G and the whole action

SD3 = −TD3

∫
dtdrdθdφ

√
1 + k2(Φ′(r))2 − k2(A′t(r))

2. (6.64)

(ii) Free (we don’t consider coupling of D3-brane to gauge fields) equations of motion which
obviously follow from action (6.64) are

∂r

(
Φ′√

1 + k2Φ′2 − k2A′2t

)
= 0, ∂r

(
A′t√

1 + k2Φ′2 − k2A′2t

)
= 0.

Integration of this system of differential equations will give free solution with no sources:

At = C1r + At(0), Φ(r) = C2r + Φ(0).

(iii) If there’s an electric charge at the origin, then our way of solution should be similar to
that in the solution of Problem 6.6. We add Lagrangian describing coupling of point particle
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at rest at the origin to Maxwell field F and use δ-function representation, employed there. All
this will lead us to the following equations of motion

∂r

(
Φ′√

1 + k2Φ′2 − k2A′2t

)
= 0,

A′t√
1 + k2Φ′2 − k2A′2t

= e.

Here e is dimensionless charge times ∼ 1
l2s

- to enable dimension of r.h.s. equals to dimension

of l.h.s. The first equation may be integrated as in the previous point (C is a constant):

Φ′√
1 + k2Φ′2 − k2A′2t

=
1

C

This obviously gives us

Φ′2 =
1− k2A′2t
C2 − k2

, (6.65)

which is to be substituted into equation for At. This will give some constant value for A′t and
hence some constant value for Φ′. The type of solution is therefore the same as described at
the end of previous point - linear dependence.

To evaluate the range of distances r for which DBI approximation works note that the
reason why it can’t work is that (according to BBS (6.115)) tension of D3-brane is given by

TD3 =
1

gs(2π)3α′2
,

which depicts a divergent growth as gs → 0. Therefore we must restrict gs - closed string
coupling - that is restrict maximal energy of interaction, or restrict minimal distance r between
interacting objects (not just some abstract r). If E is the value of energy cut-off, then 1

E
is a

value of distance cut-off. The interpretation of this formula is that if we use DBI approximation
it means, that we can’t describe space sharper than 1

E
.

Problem 6.14
(i) Tensor matrix elements in this case are:

Gαβ =

[
−1
0
0
0

0
1+k2(Φ′(r))2

0
0

0
0
1

−∂θAφ

0
0

∂θAφ
1

]
αβ

Therefore action is

SD3 = −TD3

∫
dtdrdθdφ

√
(1 + k2(Φ′)2)(1 + (∂θAφ)2).

(ii) Free equations of motion are

∂θ

(
∂θAφ√

(1 + k2(Φ′)2)(1 + (∂θAφ)2)

)
= 0, ∂θ

(
Φ′√

(1 + k2(Φ′)2)(1 + (∂θAφ)2)

)
= 0.

We can denote U = ∂θAφ and V = Φ′, use equations of motion to find ratio U/V and U, V
themselves.
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Problem 6.15
Potential

V (Φ) = −1

4
Tr([Φi,Φj][Φi,Φj])− if

3
εijkTr(ΦiΦjΦk).

is extremal under condition

[[Φi,Φj],Φj] + ifεijk[Φ
j,Φk] = 0.

This is solved for SU(2) group by letting Φi = fαi

2
, where αi is N-dimensional representation

of SU(2). If it’s irreducible, then

Tr(αiαj) =
1

3
N(N2 − 1)δij.

Using this formula one computes the value of V (Φ) for Φi = fαi

2
:

V (Φ) = −f
4

24
Tr(αkαk) = −f

4

72
N2(N2 − 1).

For reducible representation N = M + K, or r = r1 ⊕ r2 one has

Trr1⊕r2(αiαj) = Trr1(αiαj) + Trr2(αiαj),

and therefore

Tr(αiαj) =
1

3

(
M(M2 − 1) +K(K2 − 1)

)
δij.

Thus

V (Φ) = −f
4

24
Tr(αkαk) = −f

4

72

(
M2(M2 − 1) +K2(K2 − 1)

)
.

This is higher by its absolute value than that in the case of irreducible representation.
Fuzzy sphere is given by equation ∑

i

〈(X i)2〉 = R2,

where

〈(X i)2〉 =
1

N2
(2πα′)2Tr[(Φi)2],

and therefore radius of fuzzy sphere in this case is

R2 =
M2(M2 − 1) +K2(K2 − 1)

3N2
(πα′f)2.

7 Heterotic string

Problem 7.2
Compactification of 26d bosonic string theory in this problem is performed by replacement of
16 spatial bosonic coordinates by 32 Majorana fermions. This procedure will preserve the value
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26 = 10 + 32
2

of bosonic string central charge and won’t lead to conformal anomaly. The action
of such a theory is built in a manner of world-sheet supersymmetric action, despite now, of
course, there’s no susy here: the number of introduced fermions do not coincide with the number
of survived bosons, which prevents possibility of writing world-sheet susy transformations.
Fermions form a representation space of SO(32), and because of in conformal notation the
action looks like

S =
1

2π

∫
d2z

(
2∂Xµ∂̄Xµ +

1

2
λA∂̄λA +

1

2
λ̃A∂λ̃A

)
,

there’s actually a symmetry SO(32)L×SO(32)R, transforming left- and right-moving (holomor-
phic and antiholomorphic) fermions independently. Consider, e.g., how action is transformed
under δλA = εaT

a
ABλB, δλ̃A = 0:

δS = δSf =
1

4π

∫
d2z
(
εaT

a
ABλ

B∂̄λAλA(∂̄εa)T
a
ABλ

B + εaT
a
ABλ

A∂̄λB
)
.

Now if we go on-shell, we employ holomorphic property of fermionic field λA: ∂̄λA = 0. From
the other side variation of action is equal to

δS =
1

2π

∫
d2z(∂̄εa)J

a(z),

where we’ve chosen convenient normalization of Noether current. As a result we conclude that

Ja(z) =
1

2
T aABλ

A(z)λB(z).

Similar arguments lead to the same expression for SO(32) Noether current for symmetry real-
ized on antiholomorphic fermions λ̃A.

It may be easily verified (see solution to Ex. 7.1), that if [T a, T b] = 2ifabcT c, then Noether
currents satisfy OPE for Kac-Moody (current) algebra with level k = 1:

Ja(z)J b(w) =
δab

2(z − w)2
+ i

fabc

z − w
J c(w) + . . . .

Note, that central charge is c = k dimSO(32)
k+(32−2)

= 16, as it should be.

We have the following well-known bosonic string mass formulae (α′ = 1
2
):

open string: 1
2
M2 = N − a;

closed string: 1
8
M2 = NR − a = NL − a.

We may choose either periodic (P) boundary conditions for fermions of closed string, which
corresponds to λA|σ=π = λ̃A|σ=π open string boundary condition. Or we may choose antiperiodic
(A) closed string boundary conditions for fermions and boundary condition λA|σ=π = −λ̃A|σ=π

for open string. Zero point energies in these cases are:

aP =
8

24
− 32

24
= −1,

aA =
8

24
+

32

24
= 1.

”Number” operators are:
open string, P: N =

∑∞
n=1(αi−nα

i
n + nλA−nλ

A
n ),
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open string, A: N =
∑∞

n=1 α
i
−nα

i
n +

∑∞
r=1/2 rλ

A
−rλ

A
r ,

closed string, P: NR =
∑∞

n=1(αi−nα
i
n + nλA−nλ

A
n ), NL =

∑∞
n=1(α̃i−nα̃

i
n + nλ̃A−nλ̃

A
n ),

closed string, A: NR =
∑∞

n=1 α
i
−nα

i
n +

∑∞
r=1/2 rλ

A
−rλ

A
r , NL =

∑∞
n=1 α̃

i
−nα̃

i
n +

∑∞
r=1/2 rλ̃

A
−rλ̃

A
r .

Summarize results for opens strings:

P :
1

2
M2 =

∞∑
n=1

(αi−nα
i
n + nλA−nλ

A
n ) + 1,

A :
1

2
M2 =

∞∑
n=1

αi−nα
i
n +

∞∑
r=1/2

rλA−rλ
A
r − 1,

and for closed strings:

P :
1

8
M2 =

∞∑
n=1

(αi−nα
i
n + nλA−nλ

A
n ) + 1 =

∞∑
n=1

(α̃i−nα̃
i
n + nλ̃A−nλ̃

A
n ) + 1,

A :
1

8
M2 =

∞∑
n=1

αi−nα
i
n +

∞∑
r=1/2

rλA−rλ
A
r − 1 =

∞∑
n=1

α̃i−nα̃
i
n +

∞∑
r=1/2

rλ̃A−rλ̃
A
r − 1.

These formulae allow us to see that there’re tachyonic ground state in the case of A open and
closed strings. Usual destination of GSO is to eliminate tachyons and enable supersymmetry.
Here we have a bosonic compactified theory, and do not require any SUSY. But according to
requirement of the problem we may impose the same GSO projection as in the left-moving
part of SO(32) heterotic string. Namely, in A sector of the theory we eliminate all states
with an odd number of λ excitations, i.e. we save only positive-valued eigenstates of operator
(−1)

∑
r λ

A
−rλ

A
r . As a result we will eliminate tachyonic vacuum |0; k〉 with mass M2 = −2 for

open string and M2 = −8 for left- and right-movers of closed string. First excited level after
projection is massless. For open string it’s spanned by states

αi−1|0; k〉, λA−1/2λ
A
−1/2|0; k〉,

for closed string it’s spanned by states

αi−1α̃
j
−1|0; k〉, αi−1λ̃

A
−1/2λ̃

B
−1/2|0; k〉, λA−1/2λ

B
−1/2α̃

i
−1|0; k〉, λA−1/2λ

B
−1/2λ̃

C
−1/2λ̃

D
−1/2|0; k〉.

In P sector define GSO projection (again, in a manner of that in heterotic string) as (−1)F =
1 with

(−1)F = λ̄0(−1)
∑
n λ

A
−nλ

A
n ,

where
λ̄0 = λ1

0λ
0
2 · · ·λ0

32.

This projection will reduce by factor two the number of ground states on each level by projecting
them onto states with correspondingly fixed chirality. More concrete, in P sector ground state
forms reducible representation of Spin(32) algebra, which is projected to irreducible fixed-
chirality representation with the help of γ5-analog λ̄0. Therefore vacuum state |a〉 of open
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string has 215 states of the mass M2 = 2, and vacuum state |a〉|a〉 of closed string has 230 states
of the mass M2 = 8. First excited level has opposite chirality to that of vacuum. For open
string it’s spanned by M2 = 4 states

αi−1|ȧ〉, λA−1|ȧ〉,

for closed string it’s spanned by M2 = 16 states

αi−1α̃
j
−1|ȧ〉, αi−1λ̃

A
−1|ȧ〉, λA−1α̃

i
−1|ȧ〉, λA−1λ̃

B
−1|ȧ〉.

Problem 7.3
(i) The dimension of adjoint representation of SO(n) is equal to n(n−1)

2
, which also gives the

number of free fermions, which are transformed in this adjoint representation. Central charge of
corresponding energy-momentum tensor is equal to half of the number of fermions or c = n(n−1)

4
.

Substituting this value into the formula

c =
kdimG

k + h̃G

with dimG = dimSO(n) = n(n−1)
2

and h̃G = n− 2 one easily gets

k = n− 2.

(ii) In spinor representation of SO(16) one has 216 fermions of Spin(16), and corresponding
central charge is equal to 215. Therefore

k =
14

240 · 2−16 − 1
.

Problem 7.4
In the bosonic construction of heterotic string we must first compactify 16 left-movers on
T 16 and then, if we want to, additionally compactify n coordinates from left-movers and n
coordinates from right-movers. As a result we will stay with non-compactified d = 10 − n
space-time, where there’re left-movers and right-movers of bosonic world-sheet fields Xµ, and
all of initial right-movers Θa, unaffected by compactification, because we compactify bosonic
space-time, not superspace Grassmann coordinates Θa.

When both left- and right-movers are compactified, which is supposed to be the case in n
directions, we may describe geometry of compactifying torus T n by n(n+1)

2
-component metric,

and accompany this with antisymmetric constant background field with n(n−1)
2

components.
Together we obtain n2 degrees of freedom. In addition there’re 16 gauge Kaluza-Klein fields,
arising from gauge symmetry U(1)16, corresponding to translations of compactified 16 additional
left-moving coordinates. These Kaluza-Klein gauge fields have their components in n compact-
ified directions of both left- and right-movers. Why only there? Because in flat d = 10 − n
directions of uncompactified space-time there’re no background fields, from which gauge KK
field can originate (as in KK theory: Gµ25: here this metric component is equal to zero, if µ
is one of d flat (see for example of bosonic string formula BBS (7.50)) coordinates). Instead,
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there are background G-field components in n directions, which can ”attach” to one of 16 purely
left-moving gauge degrees of freedom (compact directions). Therefore one has n2 + 16n degrees
of freedom of background and KK gauge fields, originating from toroidal compactification in
bosonic description of heterotic string. This coincides with the number of coordinates of the
coset space

M0
16+n,n =

O(16 + n, n,R)

O(16 + n,R)×O(n,R)
.

Any lattice of momentums in compactified directions (compact space is also described by values
of background fields G,B,A) which in our case has the signature (16 + n, n), may be obtained
from some given lattice by O(16 +n, n,R) group action. We are interested in values of G,B,A
background fields, not in values of momentums. Therefore we factorize over momentum charac-
teristic classes: momentums of left-movers and right-movers are left invariant under O(16 + n)
and O(n) groups independently. Therefore coset spaceM0

16+n,n is a space of G,B,A values. It
has dimension

dimM0
16+n,n =

1

2
((16 + 2n)(15 + 2n)− (16 + n)(15 + n)− n(n− 1)) = n(n+ 16),

which coincides with result obtained above by counting degrees of freedom of G,B,A fields.
Finally we have to impose equivalence, originating from T-duality O(16 +n, n, Z) gauge group:

M16+n,n =
O(16 + n, n,R)

O(16 + n,R)×O(n,R)×O(16 + n, n, Z)
.

Problem 7.5
We are going to start with reconsideration of GSO-type projection rules for different sectors
of heterotic string. We will base on fermionic construction of heterotic string with left-moving
fermions divided into two groups of equal number of fermions. Denote projector operator as
the product of three independent projectors: (−1)R × (−1)F1 × (−1)F2 , where (−1)R stands
for the right-moving sector, (−1)F1 is for the first 16 λA oscillators, and (−1)F2 is for the next
16 ones. Notice, that we use GSO projection in the right-moving sector because we are going
to deal with RNS approach to superstrings, not with GS theory. The reason is due to the
formulation of the problem - we are to built non-supersymmetric theory, but GS superstring is
initially constructed as supersymmetric.

Remember, that for NS sector an original GSO was to keep negative (−1)2N states (where
N is number operator for b-oscillators), and for R sector it was keeping states with positive
c-chirality for even number of oscillator excitations, and negative s-chirality for odd number of
excitations. Reversing GSO condition for right-moving R-states means reversing of chirality of
that state. Let’s make the following changes in some of the sectors:

(R,A,A), (NS,P, P ) change (−1)F1 × (−1)F2

This will transform states with right-moving R states and left-moving antiperiodic fermions
to that with odd number of excitations in each of A,A left-moving sectors (originally it was
even number of excitations due to heterotic prescription of GSO-projection); states with right-
moving NS sector will be transformed into that with opposite chirality of both of fermions in
left-moving sectors P, P .
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Other changes of GSO rules are (FR stands for GSO operator for roght-moving sector, either
R or NS type):

(R,P,A), (NS,A, P ) change (−1)FR × (−1)F1 ,

(R,A, P ), (NS,P,A) change (−1)FR × (−1)F2 .

By ã we will assume zero-point energy of left-movers, which for four possible combinations
AA,PP,AP, PA is equal to 1,−1, 0, 0 respectively. That assumes the following mass formulae
for left-movers and for fermionic and bosonic cases of R right-movers and NS right-movers
respectively:

1

8
M2 = NR = Ñ − ã,

1

8
M2 = NNS −

1

2
= Ñ − ã.

Then it obviously follows, there’re no tachyons in spectrum. Indeed, right-movers and left-
movers always should have the same mass, which is assumed explicitly in formulae above, and
number of states can’t be negative, but can be half-integer (for non-projected out antiperiodic
NS and A cases) which means, that the only possibility for tachyons is when ã = 1 (which
requires AA left-moving configuration), NNS = 0 and correspondingly Ñ = 1

2
. To satisfy

all these conditions, one should change GSO projection rules of E8 × E8 heterotic string for
NS,A,A sectors combination. But this is not done in our consideration. Therefore tachyonic
absence remains.

As for massless states, all cases according to mass formulae are possible (treated bellow),
except NNS = 1

2
, Ñ = 0. Indeed, that would assume ã = 0 and therefore AP, PA cases for

left-movers. But (NS,P,A) and (NS,A, P ) are subject of change, namely NS right-moving
sector GSO condition is opposite now to that of E8 × E8 heterotic string, which means, that
NNS is integer-valued now. Only this change alone obviously makes it impossible to satisfy
zero-mass equation, but one can notice, that change of A left-moving sector projection makes
Ñ half-integer, which also contradicts to zero-mass equation.

Possible massless states are (R,A,A) with NR = 0, Ñ = 1; (R,A, P ) and (R,P,A) with
NR = 0, Ñ = 0 and s chiralities of R and P sector fermions; (NS,A,A) with NNS = 1

2
, Ñ = 1.

Let’s study spinor content for massless spectrum. First, consider (R,A,A) with NR =
0, Ñ = 1 with necessary odd number of λ and λ̃, which makes it impossible to construct
left-moving state with the help of α̃i−1 operator. The left-moving part is λA−1/2λ̃

A
−1/2|0〉L, where

tilde above lambda means that this is oscillator from the set A = 17, . . . 32 (which shouldn’t
be mixed with tilde above N, because the later refers to the whole left-moving sector: the sum
of states in both left-moving subsectors). Correspondingly, representation of Lorentz group
and SO(16)×SO(16) gauge group is (8c,16,16). Here 16 stands for representation of SO(16)
gauge symmetry, under which right-moving sector of heterotic string is singlet, and 8c stands for
Lorentz group representation, under which λA excitations are singlets. Such a short notation,
which combines in one triplet features of both gauge group and Lorentz group representations,
is convenient due to the fact, that it occurs, that among fermionic massless states, right-movers
and left movers are either transformed under Lorentz group and behave as gauge group singlets,
or vice versa. In the case of bosonic massless states this is not so, and notation is a little more
complicated.

There’re also spinors from sectors (R,A, P ) ⊕ (R,P,A) for the case of NR = 0, Ñ = 0.
They form a Lorentz group representation of the type (8s,1,128s) ⊕ (8s,128s,1). Singlet
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denotation 1 has its origin in the condition Ñ = 0, which leads to left-moving A state to be
|0〉L. Also a vitally important note here is that in the notation 128s for left-movers we mean
spinor representation of gauge group SO(16) (one of the two, while the other left-moving sector
is singlet under the second SO(16), as pointed above). It is chiral Spin(16), and of course it’s
Lorentz singlet. Spinor here - is gauge spinor, not space-time spinor.

Let’s turn to bosonic massless states. Now we have to write separate triplets (for Lorentz×SO(16)×
SO(16) group representation) for right-movers and left-movers. The sole massless bosonic state
is (NS,A,A) with NNS = 1

2
, Ñ = 1. Here GSO projections are the same, as in the case of

E8 × E8 heterotic string. Obviously, right-moving states are (8v,1,1), which means being
space-time vector under Lorentz transformations and singlet under gauge group transforma-
tions. According to GSO, the number of λA and λ̃A oscillators should be even. Possible variants
are 0 and 2, where if both are 0, then left-moving state is constructed with the help of α̃i−1

oscillator. Summarizing all these facts, we will get the following representation content of
right-left-movers:

(8v,1,1)R × [(8v,1,1) + (1,120,1) + (1,1,120)]L . (7.66)

Here 120 is dimension of adjoint representation of SO(16), which transforms λA−1/2λ
B
−1/2|0〉L

(or λA−1/2λ
B
−1/2|0〉L) from one of A sectors of left-movers, while the second SO(16) transforms

vacuum state of another A left-moving sector in a singlet way. Why representation of SO(16)
is namely adjoint? The answer is the standard one: because λA−1/2λ

B
−1/2|0〉L is the product of

two vector representations of SO(16), which is adjoint 120 representation.
Observe, that while second and third terms after square brackets opening in (7.66) give

Yang-Mills fields, first terms gives gravity multiplet: 8v × 8v = 28 + 35 + 1 - antisymmetric
field, dilaton and graviton, being singlets of gauge group. At the same time we didn’t obtain
gravitino from fermionic massless states.

Problem 7.6
According to Adler-Bardeen theorem anomalies arise in one-loop diagrams with chiral fermion
(for gravitational anomalies) and chiral boson (for Yang-Mills anomalies) going around the
loop. Chiral massless fields in SO(16)× SO(16) heterotic string are Majorana-Weyl fermions,
constructed in the previous problem:

(8c,16,16), (8s,1,128s), (8s,128s,1).

As it’s noted on the pages 174-175 BBS left-handed and right-handed fermions contribute
anomalous forms with opposite signs. Here we have spin-1

2
fields 8c, 8s of opposite chirality,

contributing forms±I1/2(R) of gravitational anomalies. Therefore total anomaly is proportional
to the 12-form part of

I1/2(F,R) = I1/2(R)tr16×16 cosF − I1/2(R)tr128×1 cosF − I1/2(R)tr1×128 cosF. (7.67)

The subscripts here denote representation of SO(16) × SO(16), in which matrix of two-forms
F (that is matrix-represented generators of gauge group, contracted with gauge fields by index
of adjoint representation) is written. Pure gravitational anomaly I1/2(R) is a term of total

(7.67), coming from zero-order expansion of cosF = 1− F 2

2
+ · · · . It obviously cancels, because

16 · 16− 128− 128 = 0. Therefore equality of numbers of fermions of both chiralities leads to
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cancellation of gravitational anomaly. Of course the theory is still chiral (chirality assymetric),
because different chirality states belong to different representation of gauge group. Defining

Tr cosF = tr16×16 cosF − tr128×1 cosF − tr1×128 cosF (7.68)

we can represent anomaly form as

I1/2(F,R) = I1/2(R)Tr cosF.

Anomalies are 12-form part of I1/2(F,R). We know that gravitational part has an expansion

I1/2(R) = 1 +
1

48
trR2 +

1

32 · 480
trR4 +

1

72 · 64
(trR2)2 + · · · ,

which together with expansion of cosF gives a 12-form anomaly:

−1

2
TrF 2

(
1

32 · 480
trR4 +

1

72 · 64
(trR2)2

)
+

1

24 · 48
TrF 4trR2 − 1

15 · 48
TrF 6.

Here and later tr without index means trace of matrix in fundamental representation. Using
indices 1 and 2 to refer to the first and second SO(16), we will be able to write formulae:

tr16×16F
2 = 16trF 2

1 + 16trF 2
2 ;

tr128×1F
2 = 16trF 2

1 ;

tr1×128F
2 = 16trF 2

2 .

Using this formulae observe that according to (7.68) one has

TrF 2 = tr16×16F
2 − tr128×1F

2 − tr1×128F
2 = 0,

which reduces anomaly form to

1

24 · 48
TrF 4trR2 − 1

15 · 48
TrF 6.

According to GSW (13.5.4):

1

15
TrF 6 =

1

4

[
(trF 2

1 )3 + (trF 2
2 )3
]
− (trF 2

1 + trF 2
2 )(trF 4

1 + trF 4
2 );

1

24
TrF 4 =

1

4

[
(trF 2

1 )2 + (trF 2
2 )2 − trF 2

1 trF 2
2

]
− trF 4

1 − trF 4
2 .

These formulae may be used to rewrite anomaly 12-form as

1

48
X8

(
trR2 − trF 2

1 − trF 2
2

)
,

where X8 = 1
24

TrF 4.

Problem 7.7
Heterotic string in this problem is studied in the fermionic formulation.
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Consider SO(32) heterotic string after GSO-type projection (imposed on its left-moving
part). We are going to study first excited state with M2 = 8, which is number operators
eigenstate with eigenvalues

NR = 1, NL(A) = 2, NL(P ) = 0.

Right-moving states (constructed in space-time supersymmetric GS formalism) are:

αi−1|j〉, Si−1|j〉 128 bosons;

αi−1|ȧ〉, Si−1|ȧ〉 128 fermions.

Left-moving states are

A : α̃i−1α̃
j
−1|0〉, α̃i−2|0〉, λA−1/2λ

B
−1/2λ

C
−1/2λ

D
−1/2|0〉, λA−1/2λ

B
−3/2|0〉, α̃i−1λ

A
−1/2λ

B
−1/2|0〉 40996 bosons;

P : |ȧ〉 215 = 32768 fermions.

Note, that the number of λA−1/2λ
B
−3/2|0〉 states is 32·32, because this state is constructed with the

help of different rising operators. Because numbers of fermions and bosons in the right-moving
sector coincide, the total number of bosonic and fermionic left×right tensor product states
coincide too. Total number of bosons and fermions is equal to (40996+32768) ·256 = 18883584.

Consider now E8×E8 heterotic string theory with GSO-type projection imposed separately
on both parts of left-moving sector. We are going to define λA with A = 17, . . . , 32 as λ̃A, while
saving denotation for others λth. In the form, e.g. AP , it’s assumed that A stands for first 16
λ-modes,and P is for the rest ones. Right-moving sector is exactly the same as in the case of
SO(32) heterotic string. Therefore here we are going to study left-moving sector. On the first
excitation level number operators are equal to:

NL(AA) = 2, NL(AP ) = NL(PA) = 1, NL(PP ) = 0.

In the case of AP and PA sectors we will denote ground state by |0; a〉 and |a; 0〉 correspond-
ingly, where actually a index may be dotted, which will depict conjugate (oppposite chirality)
irreducible representation of Spin(16). Due to GSO-type projection, ground state spinors are
denoted with dotted indices, if it’s applied an even number of λ-operators to this ground state
to get an excited state. Contrarily, if the number of raising operators is odd, then ground state
has opposite chirality, which is denoted by undotted index.

The demonstration of this rule is immediate on AP , PA, PP secotrs:

AP : α̃i−1|0; ȧ〉, λA−1/2λ
B
−1/2|0; ȧ〉, λ̃A−1|0; a〉 18432 fermions;

PA : α̃i−1|ȧ; 0〉, λ̃A−1/2λ̃
B
−1/2|ȧ; 0〉, λA−1|a; 0〉 18432 fermions;

PP : |ȧḃ〉 16384 bosons.

These states should be accompanied with AA bosonic sector states:

AA : α̃i−1α̃
j
−1|0〉, α̃i−2|0〉, λA−1/2λ

B
−1/2λ

C
−1/2λ

D
−1/2|0〉, λA−1/2λ

B
−3/2|0〉, α̃i−1λ

A
−1/2λ

B
−1/2|0〉,

λ̃A−1/2λ̃
B
−1/2λ̃

C
−1/2λ̃

D
−1/2|0〉, λ̃A−1/2λ̃

B
−3/2|0〉, α̃i−1λ̃

A
−1/2λ̃

B
−1/2|0〉, λ̃A−1/2λ̃

B
−1/2λ

C
−1/2λ

D
−1/2|0〉, 20516 bosons.

62



Altogether, there’re 36900 bosons and 36884 fermions. Total number of states is 73764 - as in
the case of SO(32) heterotic string. Note, that there’re more fermions, but less bosons, despite
the sum of states is the same. And again, these states are to be tensored with supersymmetric
right-moving sector.

Problem 7.8
(i) It holds ei ·ej = 2δij, which means, that condition e?i ·ej = δij on basis vectors of dual lattice
are satisfied by vectors e?1 = 1

2
(1, 1) = 1

2
e1 and e?2 = 1

2
(1,−1) = 1

2
e2. Lattice is then not self-

dual. Metric tensor is gij = diag{2, 2}, therefore lattice is not unimodular: g = det ||gij|| = 4.
For any two vectors v = me1 +ne2 and w = pe1 + qe2 one has v ·w = pm+nq, which is integer,
therefore lattice is integral. Moreover, v2 = 2m2 + 2n2, which is even, and therefore lattice is
even.

For dual lattice one has g?ij = diag{1
2
, 1

2
}. Lattice is not unimodular g = det ||g?ij|| = 1

4
. It’s

not integral: for two vectors v? = me?1 + ne?2 and w? = pe?1 + qe?2 one has v? ·w? = 1
2
(pm+ qn),

which is not necessary integer.
(ii) Obviously this one works: e1 = 1√

2
(1, 1), e2 = 1√

2
(1,−1). Indeed, for Lorentzian signature

ηij = (−1, 1) and a couple of vectors e?1 = −e2, e?2 = −e1 one has ei · e?j = δij, therefore e?i are
basis vectors of dual lattice. At the same time they apparently belong to the initial lattice.
Therefore lattice is self-dual. Then, metric tensor is given by gij =

(
0
−1
−1
0

)
, and therefore√

|g| = 1, which means that lattice is unimodular. For any two vectors v = me1 + ne2 and
w = pe1 + qe2 of the lattice one has v · w = −np−mq, which is integer. Finally, v2 = −2mn,
which is even. Therefore lattice is an integral even.

Problem 7.9
(i) We are going to deal with CFT description of only one compactified coordinate; the rest
coordinates may be considered independently in a well known CFT bosonic string formalism.
The action

S[X] =
1

π

∫
M

∂X∂̄Xd2z (7.69)

indeed may be used for description of bosonic string on torus M , parametrized by coordinates
z, z̄. It follows from the fact that to define torus we should define modular parameter τ , which
allows us to identify points on complex plane as

z ∼ z + 1, z ∼ z + τ.

After we have done this, we can define metric tensor on torus in such a way, that a measure of
integration will be d2z. Because of of torus is uniquely given by τ = τ1 + iτ2, and torus may
be made uniform by corresponding conformal transformation, one can uniquely parametrize
corresponding constant metric on torus via τi:

gαβ =
1

τ2

(
1

τ1

τ1

|τ |2

)
αβ

This metric tensor has
√
|g| = 1. Then we will indeed get action (7.69) (which looks like that

in spherical world-sheet case, or Riemann plane without identifications of points).
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In this problem we deal with closed bosonic string, because for open string there would be
no sense to define winding numbers. Therefore total-derivative terms in variation of the action
will be canceled, due to the fact that equations

X(z + 1, z̄ + 1) = X(z, z̄) + 2πRW1,

X(z + τ, z̄ + τ̄) = X(z, z̄) + 2πRW2

will lead to variations of X and its derivatives to be equal at opposite edges of world-sheet
(opposite edges of torus moduli space cell on a complex plane). It loks like this:

δS =
1

π

∫
d2z
(
∂δX∂̄X + ∂X∂̄δX

)
=

= − 2

π

∫
d2zδX∂∂̄X +

1

π

(
δX∂̄X + δX∂X

)
|z,z̄ =

= − 2

π

∫
d2zδX∂∂̄X.

Therefore equations of motion are ∂∂̄X = 0. Classical instanton solution of this equations is

Xcl =
2πR

τ − τ̄
((W2 −W1τ̄)z + (W1τ −W2)z̄) . (7.70)

In difference with Riemann-plane case now we don’t have any oscillator terms. The thing is
that they would violate identifications on complex plane, while in the case of cylinder world-
sheet, equivalent to Riemann plane (or Rieman sphere), we didn’t have to identify any points
on complex plane.
(ii) Note, that

∫
M
d2z =

∫
M
dRezdImz = |τ | sinφ(τ), where φ(τ) is a phase of τ . Using solution

(7.70) we can easily obtain

S[Xcl] = C(W2 −W1τ̄)(W2 −W1τ) = C|W2 −W1τ |2,

where

C = −4πR2 |τ | sinφ(τ)

(τ − τ̄)2
=

πR2

|τ | sinφ(τ)
,

and we’ve used τ − τ̄ = 2iImτ , and sinφ(τ) = Im(τ)
|τ | .

(iii) We can recast classical partition function

Zcl =
∑
W1,W2

e−Scl(W1,W2)

performing Poisson resummation. The aim of this is to find some duality - some sort of inter-
change of W1 and W2 - which won’t affect the partition function.

Introduce symmetric matrix

A =
C

π

[
|τ |2

−1
2
(τ + τ̄)

−1
2
(τ + τ̄)

1

]
.
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Because of C > 0 and detA = C2

4π2 (2|τ |2 − τ 2 − τ̄ 2) > 0, this matrix A is positive-defined due
to Sylvester’s criterion. With the help of this matrix we can rewrite partition function in the
form

Zcl =
∑
{M}

exp (−πMTAM),

where M =
(
W1

W2

)
. Then, according to Poisson resummation formula

Zcl(A) =
1√

detA
Zcl(A

−1).

The inverse matrix is given by

A−1 =
π

C detA

[
1

1
2
(τ + τ̄)

1
2
(τ + τ̄)

|τ |2

]
.

Using this one finds that

Zcl(A
−1) =

∑
W1,W2

exp

(
− π2

C detA
|W1 + τW2|2

)
.

Therefore we have the following identity:∑
W1,W2

exp
(
−C|W2 −W1τ |2

)
=

1√
detA

∑
W1,W2

exp

(
− π2

C detA
|W1 + τW2|2

)
,

which exhibits a duality W1 → π
C
√

detA
W2, W2 → − π

C
√

detA
W1 (transformation from l.h.s. to

r.h.s. of the last equation) of partition function up to a total multiplier.

Problem 7.10
(i) A set of basis vectors of E8 lattice is a set of simple roots of E8:

e1 = (0, 0, 0, 0, 0,−1, 1, 0);

e2 = (0, 0, 0, 0,−1, 1, 0, 0);

e3 = (0, 0, 0,−1, 1, 0, 0, 0);

e4 = (0, 0,−1, 1, 0, 0, 0, 0);

e5 = (0,−1, 1, 0, 0, 0, 0, 0);

e6 = (−1, 1, 0, 0, 0, 0, 0, 0);

e7 =
1

2
(1,−1,−1,−1,−1,−1,−1, 1);

e8 = (1, 1, 0, 0, 0, 0, 0, 0).

(ii) Suppose v =
∑

i v
iei and w =

∑
j w

jej, where vi, wj ∈ Z, are two arbitrary vectors from
E8 lattice. Then

v · w =
∑
i,j

viwjei · ej
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is obviously an integer value, because ei · ej = {0, −1, 2}. It also holds

v2 = 2
8∑
i=1

(vi)2 − 2
6∑
i=1

vivi+1 − 2v5v8,

which is even. Therefore E8 lattice is even.
Denoting by ui a 8D vector with all zero entries except unit at the ith place, one can expand

any 8D vector v as v =
∑
viui. It would be a vector of dual lattice Γ?8 if and only if v · e ∈ Z

for all vectors e ∈ Γ8 - E8 root lattice. Consider first Γ8 vectors of the type e = ±ui ± uj
(fix for concreteness some i 6= j). Then v.e = ±vi ± vj. This should be an integer. Because
of arbitrariness of choice of i, j, one concludes that all vi at the same time should be either
integer or half-integer. Second, consider vector e0 =

(
1
2
, . . . , 1

2

)
, which belongs to lattice Γ8.

Then v · e0 = 1
2

∑
vi, which requires

∑
vi to be even. If all vi are integers, whose sum is even,

then it belongs to Γ8, namely it’s an integral combination of vectors ±ui ± uj of Γ8. If all vi
are half-integers, whose sum is even, then v− e0 has all integer entries, whose sum is even too.
Therefore v− e0 ∈ Γ8 and thus v ∈ Γ8. As a result one concludes that Γ?8, which is composed of
all vectors whose inner product with Γ8 vectors is integer, actually is included inside Γ8. From
the other point of view, inner product of any pair of Γ8 vectors is obviously integer (see Cartan
matrix), which means that Γ8 is sublattice of Γ?8. Therefore one concludes, that Γ8 = Γ?8.

Problem 7.11
Consider Γ16 lattice with basis vectors s = 1

2
(u1 − u2 + u3 − u4 + · · ·+ u15 − u16), ei = ui −

ui+1, i = 2, . . . 15, e16 = u15 +u16, where as in the solution of Problem 7.10 ui stands for vector
with unit value at ith place and all zero values at other places. Considerations of absolutely
the same scheme as used in the solution of that problem may be employed here to prove that
Γ16 is an even self-dual lattice. Since e1 = u1 − u2 is obviously an integer linear combination
of introduced vectors, then Γ16 contains SO(32) roots ±ui ± uj, i 6= j. In addition it contains
one of Spin(32) weight s. The group Spin(32) contains a center Z2 × Z2. Therefore, Γ16 is a
weight lattice of Spin(32)/Z2.

Problem 7.12
1. Torus metric properties are characterized by symmetrical metric tensor G. At the same
time torus is uniquely defined by modular parameter τ . Therefore metric tensor and modular
parameter could be expressed through each other. But τ is not unique for a given torus: it may
be transformed to equivalent values by modular transformation group SL(2, Z). Therefore, if
one changes τ , one should also reparametrize world-sheet (torus coordinates) to have interval
on world-sheet invariant. And if after that one makes a reverse reparametrization, everything
returns to the starting values. To summarize: the action of modular SL(2, Z) transformation
ought to affect coordinates of world-sheet at the same time with world-sheet metric in a way
leaving interval on world-sheet invariant; then one makes a backward reparametrization, which
returns both metric and coordinates on world-sheet to their initial values. This contemplation
proves the fact, that τ modular transformations τ → τ + 1, τ → − 1

τ
leaves the spectrum of

bosonic string invariant.
2. The following transformations (where G is given by BBS (7.70))

G → AGAT ,
(
W

K

)
→ A

(
W

K

)
,
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where A =
(

1n
N

0
1n

)
with integer-valued antisymmetric N matrix, are shift T-duality O(n, n, Z)

transformations of bosonic string. As for antisymmetric field B, it’s transformed under these
transformation as BIJ → BIJ+ 1

2
NIJ . In the case of T 2 it’s simply B12 → B12+ 1

2
N12. Therefore,

as partial case, ρ → ρ + 1, which is B12 → B12 + 1 (see solution to Exercise 7.8), is retrieved
with N12 = 2.
3. To deal with other T-dualities it’s most convenient to employ reparametrizartion invariance
of world-sheet torus, which allows us to eliminate 2 degrees of freedom, which we choose to

be G12(= G21) and B12. Therefore we are left with τ = i
√

detG
G22

and ρ = i
√

detG (again, see

solution to Exercise 7.8). Then, if the transformation of interest is τ → τ , ρ → −1
ρ
, it leaves

τ = iτ2 = i
√

detG
G22

invariant and transforms ρ = iρ2 = i
√

detG→ i√
detG

. These transformations
obviously assume

GIJ =

(
G11

0

0

G22

)
IJ

→

(
1
G22

0

0
1
G11

)
IJ

.

Before proceeding, let’s interchange toroidally compactified coordinates: X24 ↔ X25. This will
not change a spectrum, but we will believe, that we’ve interchanged winding and KK excitation
numbers in both of compactified directions. Therefore we got metric of torus:

G′IJ =

(
1
G11

0

0
1
G22

)
IJ

.

In BBS T-duality for toroidally compactified string is studied in terms of matrix

G−1 =

(
2(G−BG−1B)

−G−1B

BG−1

1
2
G−1

)
,

which after reparametrization of torus made above reduces to

G−1 =

(
2G

0

0
1
2
G−1

)
.

Transformation studied here (together with coordinate interchange) brings it to

G ′−1 =

(
2G−1

0

0
1
2
G

)
.

That is a dual matrix, entering mass condition (BBS (7.68))

1

2
M2

0 = (W, K)G−1

(
W

K

)
,

will not change this condition, if one interchanges simultaneously W I → W ′I = 1
2
KI , and KI →

K ′I = 2W I . This change is also good due to the fact, that it will not affect NR −NL = W IKI .
That proves the duality character of considered transformation.
4. Consider the action of transformation U : (ρ, τ)→ (τ, ρ). Again, we assume reparametriza-
tion of torus was made, as in the previous point. Then U -transformation obviously means

GIJ =

(
G11

0

0

G22

)
IJ

→

(
G11

0

0
1
G22

)
IJ

.
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This transformation resembles partly the case of previous point with only one difference: now
T-duality is made along only X25 coordinate. The rest is the same, just leave winding and KK
excitation numbers unchanged for X24 direction and change that for X25 direction as described
in the previous point.
5. Obviously for reparametrized torus transformations(τ, ρ) → (−τ̄ ,−ρ̄) will simply leave τ
and ρ unchanged, because for reparametrized in a described in point 3 manner torus τ and ρ
are purely imaginary.

Problem 7.13
(i) We will use formulae for background fields T-duality transformations, derived in the solu-
tion of Problem 6.5. We start with rectangular metric on T 3: Gxx = Gyy = Gzz = R2 and
antisymmetric 2-form with only non-zero component being Bxy = −Byx = Nz. Other compo-
nents are zero. Then we perform a T-duality in the x direction, which gives us the following
non-zero components:

G̃xx =
1

R2
, G̃xy =

Nz

R2
, G̃yy = R2 +

N2z2

R2
, G̃zz = R2.

All components of B̃IJ are zero. Now we perform a T-duality in y direction. This gives us

Ĝxx =
1

R2
, Ĝyy =

R2

R4 +N2z2
, Ĝzz = R2, B̂yx = −B̂xy =

Nz

R4 +N2z2

with other components being zero.
(ii) Evidently, translation of z coordinate by period of circle which it parametrizes will not
change metric components and will affect B-field in a way compensated by shift duality symme-
try BBS (7.72). Also as one can easily see situation is more complicated in the theory resulted
after two T-duality transformations.
(iii) As soon as translation of z by its period is to be symmetry of the theory, then one con-
cludes that this symmetry is not associated with just geometric T-duality of torus. Then this
is nongeometric duality.

8 M-theory and string duality

Problem 8.1
We are going to deal with bosonic part of D = 11 supergravity, given by BBS (8.8):

Sb =
1

2κ2
11

∫
d11x
√
−G

(
R− 1

2
|F4|2

)
− 1

12κ2
11

∫
A3 ∧ F4 ∧ F4,

where F4 = dA3. Before starting variation of action let’s refine some points. The last term in
the action may be rewritten as

− 1

12κ2
11

∫
A3 ∧ F4 ∧ F4 =

= − 1

12κ2
11

3!4!4!

11!

∫
AMNP (∂QAZRS)(∂VAXYW )dxM∧dxN∧dxP∧dxQ∧dxZ∧dxR∧dxS∧dxV∧dxY∧dxW =
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= − 1

12κ2
11

1

11550

∫
d11xεMNPQZRSV XYWAMNP (∂QAZRS)(∂VAXYW ) =

= − 1

12κ2
11

1

11550

∫
d11x
√
−GEMNPQZRSV XYWAMNP (∂QAZRS)(∂VAXYW ).

Here

EMNPQZRSV XYW =
εMNPQZRSV XYW

√
−G

(8.71)

is a tensor value. Similarly

EMNPQZRSV XYW =
√
−GεMNPQZRSV XYW

is a tensor value too, which is useful for the construction of a volume form. We will aply it in
the solution of Problem 8.2 for AdS4.

By definition

|F4|2 =
1

4!
GM1N1GM2N2GM3N3GM4N4FM1M2M3M4FN1N2N3N4 .

From F4 = dA3 and

A3 =
1

3!
AZRSdx

Z ∧ dxR ∧ dxS

it follows, that

F4 =
1

4!
FQZRSdx

Q ∧ dxZ ∧ dxR ∧ dxS,

with

FQZRS =
4!

3!
∂[QAZRS] = 4∂[QAZRS].

Note also, that

δ
√
−G = −1

2

√
−GGMNδG

MN ,

δ

∫
d11x
√
−GR =

∫
d11x
√
−G

(
RMN −

1

2
RGMN

)
δGMN .

Now we can proceed to finding equations of motion. First, let’s vary the action Sb by GMN .
The dependence on metric GMN is a feature of the following term of Sb:

1

2κ2
11

∫
d11x
√
−G

(
R− 1

2
|F4|2

)
.

Variation by GMN gives equations of motion

RMN =
1

2

(
R− 1

2
|F4|2

)
GMN +

1

12
FMPQRF

PQR
N . (8.72)

The dependence of the action Sb on 3-form field A3 is shown in terms

− 1

2κ2
11

∫
d11x
√
−G1

2
|F4|2 −

1

12κ2
11

∫
A3 ∧ F4 ∧ F4,
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which according to calculations above may be represented in the form

− 1

2κ2
11

∫
d11x
√
−G1

2
|F4|2 −

1

12κ2
11

1

11550

∫
d11xεMNPQZRSV XYWAMNP (∂QAZRS)(∂VAXYW ).

Lagrange equations of motion

∂Q
∂L

∂(∂QAZRS)
− ∂L

∂AZRS
= 0

give us

−1

4
∂Q

(√
−GFQZRS

)
− 1

12
2εMNPQZRSV XYW 1

11550
∂Q (AMNP∂VAXYW )−

− 1

12
εMNPQZRSV XYW 1

11550
(∂QAMNP )(∂VAXYW ) = 0.

Using (8.71) this equation of motion may be recast in the form

∂Q

(√
−G

(
3FQZRS +

2

11550
EMNPQZRSV XYWAMNP∂VAXYW

))
+

+
1

11550
εMNPQZRSV XYW (∂QAMNP )(∂VAXYW ) = 0.

This equation may be also rewritten as

∂Q

(√
−G

(
3FQZRS +

2

11550
EMNPQZRSV XYWAMNPFV XYW

))
+

+
1

11550
εMNPQZRSV XYWFQMNPFV XYW = 0. (8.73)

Problem 8.2
Define the strength of A3 on the first four coordinates in AdS4 (labeled by Greek indices) as

F4 = Mε4,

and zero on the other seven coordinates S7 (labeled by Latin indices). Here ε4 is volume form
on d = 4 space-time:

ε4 =
1

4!
Eµνλρdx

µ ∧ dxν ∧ dxλ ∧ dxρ,

where as was mentioned in the solution of the Problem 8.1 Eµνλρ =
√−g(4)εµνλρ is a tensor

value. Here g(4) is determinant of restriction of metric tensor on AdS4. Then

Fµνλρ = M
√
−g(4)εµνλρ,

and

F µνλρ = M
1

√−g(4)

εµνλρ. (8.74)

70



Therefore

|F4|2 =
M2

24
εµνλρεµνλρ = −M2,

where we’ve used the fact that ε0123 = η00η11η22η33ε0123 = −1. Observe, that 3-form field A3 has
its components only on AdS4, which means that second set of supergravity bosonic equations
of motion (8.73) is reduced to

∂θ

(√
−G

(
3F θζρσ +

2

11550
EµνπθζρστχυωAµνπFτχυω

))
+

+
1

11550
εµνπθζρστχυωFθµνπFτχυω = 0. (8.75)

Note, that the last two terms are obviously zero, because they are trying to antisymmetrize
eleven four-valued indices indices in eleven-component ε-symbol. Due to the fact that our
space-time has topology AdS4 × S7, we have G = g(4)g(7). Taking this and formula (8.74) into
account, one goes from the first term of (8.75) to

∂µ
(√

g(7)ε
µνλρ

)
= 0.

This equation is indeed satisfied, because S7 metric determinant g(7) doesn’t depend on AdS4

coordinates with Greek indices, and εµνλρ is just constant.
Now let’s proceed to the first set of D = 11 supergravity equations (8.72). The Ricci tensor

of proposed solution is
Rµν = −(M4)2gµν , Rij = (M7)2gij,

and our aim is to show that it satisfies (8.72). First note that R = gµνRµν + gijRij = −4M2
4 +

7M2
7 , where it’s taken into account, that gµνg

µν = 4. Then, for AdS4 with respect to (8.75)
and the fact that EµσλρE

σλρ
ν = −6gµν , equations (8.72)

Rµν =
1

2

(
R− 1

2
|F4|2

)
gµν +

1

12
FµσλρF

σλρ
ν

mean that
M2 = 14M2

7 − 4M2
4 .

For S7 equations (8.72) are written as

Rij =
1

2
Rgij −

1

4
|F4|2gij,

which gives
M2 = 8M2

4 − 10M2
7 .

Then we conclude that M2
4 = 2M2

7 and M2 = 6M2
7 .

Problem 8.3
According to Hawking, Ellis [7], conformal transformation ĝµν = Ω2gµν affects scalar curvature
R→ R̃ in the following manner:

R = Ω2R̃ + 2(n− 1)Ω−1Ω;µ
;µ + (n− 1)(n− 4)Ω−2gµνΩ,µΩ,ν .
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Dimension of space-time is n = 10, which we will substitute later. Here we go from string metric
gµν to Einstein metric gEµν . Then we replace notation gEµν by gµν . Because of gµν = e

Φ
2 gEµν , which

in the notation above means ĝµν = e−
Φ
2 gµν , therefore Ω = e−

Φ
4 . Relation between determinants

of metrics is ĝ = e−5Φg, inverse metrics: ĝµν = e
Φ
2 gµν . D’Alambertian is equal to:

Ω;µ
;µ =

1√
−g

∂

∂xµ
(√
−gΩ,µ

)
.

Therefore ∫
d10x
√
−ge−2ΦR =

=

∫
d10x

√
−ĝR̃− n− 1

2

∫
d10xe−

7Φ
4

(
ĝµνe

7Φ
4

√
−ĝΦ,ν

)
,µ

+

∫
d10x

(n− 1)(n− 4)

16
Φ,µΦ,ν ĝ

µν .

Partial integration of the second term and rising of indices in Einstein frame will give us∫
d10x

√
−ĝ
[
R̃ +

(n− 1)(n− 18)

16
Φ,µΦ,µ

]
,

which for n = 10 finally means ∫
d10x

√
−ĝ
[
R̃− 9

2
Φ,µΦ,µ

]
.

At the same time ∫
d10x
√
−ge−2ΦΦ,µΦ,νg

µν =

∫
d10x

√
−ĝΦ,µΦ,µ,

where on the r.h.s. indices are risen with the help of new - Einstein-frame - metric tensor.
Combining obtained results one will get SNS action:

SNS =
1

2κ2

∫
d10x
√
−g
(
R− 1

2
∂µΦ∂µΦ− 1

2
e−Φ|H3|2

)
.

Here we have used the fact that according to BBS (8.11) it takes place

|H3|2 =
1

3!
gM1N1gM2N2gM3N3HM1M2M3HN1N2N3 → e−

3Φ
2 |H3|2.

Squared field strengths’ |F2|2, |F̃4|2 are transformed in a similar way, which should be used in
in the transition to SR in Einstein frame.

Problem 8.4
Our aim is to redefine forms C1 and C3, which are dynamical fields in the actions BBS (8.41),
(8.42), to get factor e−2Φ in that actions. For this aim define C1 = e−ΦC̃1 and C3 = e−ΦC̃3.
Then, e.g.:

F2 = dC1 = d(e−ΦC̃1) = e−Φ(dC̃1 − dΦ ∧ C̃1) = e−ΦF̃2,

where F̃2 = dC̃1 − dΦ ∧ C̃1. Squaring F2 will lead to factor e−2Φ in the corresponding term.
Redefinition of F4 works in exactly the same manner.
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Problem 8.5
Consider Chern-Simons action

SCS = − 1

4κ2

∫
B2 ∧ F4 ∧ F4.

U(1) gauge transformation of 1-form δA1 = dΛ assumes also transformation of the 3-form:
δA3 = dΛ ∧ B, where B = B2 is a 2-form (of supergravity multiplet). Then for F4 = dA3 one
obtains gauge transformation law: δF4 = dΛ∧ dB2 (non-zero in difference with transformation
law BBS (8.33) for F̃4)

δSCS = − 1

2κ2

∫
B2 ∧ F4 ∧ δF4 = − 1

2κ2

∫
B2 ∧ F4 ∧ dΛ ∧ dB2.

Because of forms dΛ, F4 are closed, one can conclude that:

δSCS = − 1

4κ2

∫
d (B2 ∧ F4 ∧ dΛ ∧B2) .

Therefore U(1) variation of the action SCS is given by a surface integral, which means U(1)
invariance of SCS.

Problem 8.6
First, we are going to study transformation of the action

SNS =
1

2κ2

∫
d10x
√
−ge−2Φ

(
R + 4∂µΦ∂µΦ− 1

2
|H3|2

)
According to the statement of the present problem, we replace Φ→ −Φ. Then we get

SNS =
1

2κ2

∫
d10x
√
−ge2Φ

(
R + 4∂µΦ∂µΦ− 1

2
|H3|2

)
Using the same technics as in the solution of Problem 8.3, for n being a dimension of space-time,
one finds that for ĝµν = eΦgµν it holds

1

2κ2

∫
d10x
√
−ge2ΦR =

1

2κ2

∫
d10x

√
−ĝe−2Φ

(
R̃ +

(n− 1)(n− 10)

4
∂µΦ∂µΦ

)
.

In parallel one has

1

2κ2

∫
d10x
√
−ge2Φ4∂µΦ∂µΦ =

1

2κ2

∫
d10x

√
−ĝe−2Φ4∂µΦ∂µΦ,

where as always on the r.h.s. summation ∂µΦ∂µΦ is performed with the help of new metric ĝµν
(we actually make a replacement of metric, therefore in final formulae hats from all g may be
deleted). One also has

1

2κ2

∫
d10x
√
−ge2Φ

(
−1

2
|H3|2

)
=

1

2κ2

∫
d10x

√
−ĝ
(
−1

2
|H3|2

)
,
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on the r.h.s. the value |H3|2 is constructed with the help of new metric. Therefore transformed
NS part of the action of type-IIB supergravity looks like

SNS =
1

2κ2

∫
d10x

√
−ĝe−2Φ

(
R + 4∂µΦ∂µΦ− e2Φ 1

2
|H3|2

)
Second, we consider transformation of R part of supergravity action:

SR = − 1

4κ2

∫
d10x
√
−g
(
|F1|2 + |F̃3|2 +

1

2
|F̃5|2

)
, (8.76)

where Fn = dCn. As it’s recommended in the statement of the problem, we begin our con-
sideration with the case of C0 = 0, and therefore F1 = 0, F̃3 = F3 − C0 ∧ H3 = F3. At the
same by definition F̃5 = F5 − 1

2
C2 ∧H3 + 1

2
B2 ∧ F3. Taking this into account, and performing

transition to the new metric (initially there’s no dilaton dependence in SR, which omits the
first step Φ→ −Φ of transformation), one results in the action

SR = − 1

4κ2

∫
d10x

√
−ĝ
(
e−2Φ|F3|2 +

1

2
|F̃5|2

)
,

Third, Chern-Simons action

SCS = − 1

4κ2

∫
C4 ∧H3 ∧ F3,

remains unchanged under proposed transitions, because it doesn’t contain any dilaton depen-
dence and as topological term it doesn’t depend on metric.

Now the task is to figure out which theory we resulted in. According to field content, it must
be again type-IIB supergravity. To verify that it indeed is, observe that as in the solution of
Problem 8.4 we can use redefinitions of Cn and B2 fields and their strengths’. This is not change
of physical meaning, just change of notation in the same fields multiplet, made independently on
the origin of the fields (remember, that B and C fields have different origin: as R−R gauge fields
and as reduction of D = 11 3-form A3 respectively) locally in considered D = 10 supergravity.
Then let’s redefine B2 → e−ΦB2, and correspondingly H3 → e−ΦH ′3, where H ′3 = dB2−dΦ∧B2.
Also replace C2 → eΦC2, and respectively F3 → eΦF ′3, where F ′3 = dC2 + dΦ ∧ C2. Note, that
then Chern-Simons term of bosonic part of type-IIB supergravity will take the proper form

SCS = − 1

4κ2

∫
C4 ∧H ′3 ∧ F ′3,

without any need of redefinition of C4. And that is good, because otherwise the term with |F̃5|2
in SR would be irreversibly damaged.

We also have

SNS =
1

2κ2

∫
d10x

√
−ĝe−2Φ

(
R + 4∂µΦ∂µΦ− 1

2
|H ′3|2

)
,

SR = − 1

4κ2

∫
d10x

√
−ĝ
(
|F ′3|2 +

1

2
|F̃5|2

)
,
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which is exactly the form of actions we need to conclude, that we are dealing with type-IIB
supergravity.

Therefore the transition made in this problem describes duality type-IIB-type-IIB. This is
the duality between theories with inverse coupling constant, which is the consequence of the
fact, that string coupling constant gs has the form of exponential function of dilaton vev.

This duality may be generalized for the case of C0 6= 0. We must reformulate some steps of
the previous consideration. Action SR has now the most general view (8.76). Redefinition of
metric transforms it to

SR = − 1

4κ2

∫
d10x

√
−ĝ
(
e−4Φ|F1|2 + e−2Φ|F̃3|2 +

1

2
|F̃5|2

)
.

To return to the form of type-IIB supergravity action, one should perform a change of variables
C0 → e2ΦC0, correspondingly to which field strength is changed to F1 → e2ΦF ′1, where F ′1 =
dC0 + 2dΦ ∧ C0. Considered above transformation C2 → eΦC2, F3 → eΦF ′3 is more subtle
now. Indeed, now we are dealing with F̃3 = F3 − C0 ∧H3 = F3, not just F3 = dC2. As before
one should perform a transformation B2 → e−ΦB2, and correspondingly H3 → e−ΦH ′3, which
relates to SNS action, unaffected by any value of C0. Then observe, that if one still makes
C2 → eΦC2, F3 → eΦF ′3, then, because of C0 ∧ H3 → e2ΦC0 ∧ e−ΦH ′3 = eΦC0 ∧ H ′3, one has
F̃3 → eΦF̃ ′3. Then we arrive to the action

SR = − 1

4κ2

∫
d10x

√
−ĝ
(
|F ′1|2 + |F̃ ′3|2 +

1

2
|F̃5|2

)
of the required type-IIB supergravity form.

Problem 8.7
With the help of results considering transformation of SNS from the solution of Problem 8.6,
the solution of this problem is obvious. Let’s point out some additional things. Considered
transformation 1) Φ → −Φ, 2)gµν → e−Φgµν coincides with reverse to it. Indeed, repeating
of this transformation brings everything back: 1) e−Φgµν → eΦgµν , −Φ → Φ, 2) eΦgµν →
e−ΦeΦgµν = gµν .

Remember also how according to the end of the solution of Problem 8.3 terms of the type
|Fn|2 are transformed under change of metric. One should also take into account, that, as
was shown in the solution of Problem 5.12, tr(F 2) = 1

30
Tr(F 2), if F is generator of SO(32).

Then actions BBS (8.73) and BBS (8.81) of type-I and Spin(32)/Z2 heterotic supergravities
are mapped onto each other by considered two-step duality transformation. Correspondence
between 2-form fields is B2 ↔ C2, which is equivalent to H̃3 ↔ F̃3.

Problem 8.8
Conformal transformation gµν → e−Φgµν may be recast in terms of zehnbein transformation:
eaµ → e−Φ/2eaµ. This also means, that eµa → eΦ/2eµa . Therefore Dirac matrices in curved space-

time Γµ = eµaΓa transform as follows: Γµ → eΦ/2Γµ, and Γµ → e−Φ/2Γµ. Spin connection may
be expressed through metric (see GSW (12.1.5), where ∇g = 0 is assumed). With the help of
this formula one finds transformation law for spin connection under conformal transformation
of metric:

ωabµ → ωabµ +
1

4

(
eρaebµ − eaµeρb

)
Φ,ρ.

75



This will lead to transformation of covariant derivative BBS (8.18) of spinors:

∇µε→ ∇′µε = ∇µε+
1

8
eρaebµΓabΦ,ρε = ∇µε+

1

8
ΓρµΦ,ρε.

Perform Φ → −Φ transformation in BBS (8.80) supersymmetry transformations for type-I
superstring:

δΨµ = ∇µε−
1

8
e−ΦF̃(3)Γµε,

δλ = −1

2
Γµ∂µΦε+

1

4
e−ΦF̃(3)ε,

δχ = −1

2
F(2)ε.

Then observe that according to definition of the type BBS (8.13) under rescaling of metric
the following transformations take place: F̃(3) → e3Φ/2F̃(3), F(2) → eΦF(2). Therefore SUSY
transformations go to

δΨµ = ∇′µε−
1

8
F̃(3)Γµε,

e−Φ/2δλ = −1

2
Γµ∂µΦε+

1

4
F̃(3)ε,

e−Φδχ = −1

2
F(2)ε.

This corresponds to BBS (8.85) supersymmetry transformations for heterotic supergravity if
one rescales λ→ λeΦ/2 and χ→ χeΦ.

Problem 8.9
Taub-NUT metric is given by ds2

5 = −dt2 + ds2
TN , where spatial 4d part is

ds2
TN = V (r)

(
dr2 + r2(dθ2 + sin2 θdφ2)

)
+ V −1(r)

(
R

2
(dψ − dφ) +R sin2 θ

2
dφ

)2

, (8.77)

where V (r) = 1 + R
2r

, and compactified coordinate y (with period 2πR) is replaced by ψ =
φ + 2y/R with period 4π. Introduce new variable ρ = R√

V (r)
. As soon as we consider points

near r = 0, we can calculate metric with accuracy of O(r2) (which is equal to O(ρ4)). Then

r2V (r) sin2 θ + V −1(r)
R2

4
cos2 θ =

rR

2
+O(r2) =

R2

4
V −1(r) +O(r2) =

ρ2

4
+O(r2),

which is a coefficient of dφ2 in (8.77). Coefficient of dθ2 is equal to

r2V (r) =
rR

2
+O(r2) =

ρ2

4
+O(r2).

Finally we observe that V (r)dr2 = dρ2 +O(ρ4). As a result from (8.77) in the vicinity of r = 0
one goes to

ds2
TN = dρ2 +

ρ2

4
(dθ2 + dφ2 + dψ2 − 2 cos θdφdψ).
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Determinant of metric corresponding to dsTN is equal to g = ρ6 sin2 θ
64

> 0. All lead minors are
positive too, therefore metric is positive-defined (according to Sylvester criterion), which means
it’s of Euclidean type. It can be made conformally-flat with obstruction points at θ = 0 (where
determinant of (φ, ψ)-part of the metric tensor vanishes) and ρ = 0.

Problem 8.10
(i) We start with zero-valued antisymmetric 2-form B2 and 10D metric

ds2 = −dt2 + ds2
TN +

5∑
i=1

dx2
i ,

where

ds2
TN = V (r)

(
dr2 + r2(dθ2 + sin2 θdφ2)

)
+ V −1(r)

(
dy +R sin2 θ

2
dφ

)2

is (1 + 4)D Taub-NUT metric. Then we apply the rules of background fields transformation
mentioned in the statement of the problem, which are derived in the solution of Problem 6.5.
For T-duality in y-direction this gives metric (order t, r, θ, φ, y, . . . )

g̃µν = diag{−1, V (r), r2V (r), r2V (r) sin2 θ, V (r), 1, 1, 1, 1, 1},

and antisymmetric 2-form B̃2 with only non-zero components B̃yφ = −B̃φy = R sin2 θ
2
.

(ii) As soon as we’ve performed a T-duality transformation in compactified direction y, that is
orthogonal to 5-brane (which stretches in coordinate directions xi), then we result in 6-brane
in IIB-theory. The metric on this brane is given by ds2

(6) = V (r)dy2 +
∑5

i=1 dx
2
i .

(iii) Tensions of D-branes support this interpretaion, because unwrapping of one of spatial
directions orthogonal to 5-brane will give 6-brane with tension

TD6 =
TD5

2π`s
. (8.78)

Formula BBS (8.114) is an example of calculation of tension for known metric. In that for-
mula integration is performed over spatial coordinated, orthogonal to brane (integration over
y coordinate was performed explicitly, giving a factor 2πR). For 6-brane we have one less or-
thogonal direction than for 5-brane, and if these branes are T-dual, then the direction of their
”difference” is compact. Then integral over it gives relation between tensions pointed in (8.78).

Problem 8.11
Consider D = 11 M-theory. There’re 10 spatial dimensions, therefore number of spatial coor-
dinates which surround M5-brane is equal to 4. Then F4 form may be integrated over a sphere
S4, surrounding M5-brane, which is then a source of ’magnetic’ charge. This charge is localized
on M5-brane, therefore on M5-brane F4 form is not exact: F4 6= dA3. Then

dF4 = δW ,

where δW is 5-form magnetic current, being a delta-function with support on M5-brane. It’s
defined by the following formula, concerning 6-form field K6:∫

δW ∧K6 =

∫
M5

K6,
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where integration in the l.h.s. is performed over 11D space-time with 6 coordinates being
M5-brane world-volume coordinates, integration in the r.h.s. is performed over M5-brane
world-volume.

6D world-volume theory has Lorentz anomaly, encoded in 6 + 2 = 8 form I8. Descent
equations allow us to reconsider anomaly from the point of local world-volume Lagrangian
counterterm, which is proportional to 6-form G6:

I8 = dω7, δω7 = dG6,

where variation δ is assumed under Lorentz transformations. To cancel this anomaly assume
interaction of M5-brane with some 7-form field ω7 (which may be expressed through CS forms)
in D = 11, which adds term

S2 =

∫
F4 ∧ ω7

to the action S1 = µ
∫
F4 ∧ (?F )7 ∼ µ

∫
d11x|F4|2. Total action is therefore

S = S1 + S2 = µ

∫
F4 ∧ ?F7 +

∫
F4 ∧ ω7,

where ?F7 is 7-form Hodge dual to 4-form F4. Variation of action gives equations of motion:

d ? F7 = − 1

2µ
dω7.

Problem 8.12
Tension of D0-brane is derived in M-theory: it’s equal to mass of KK excitation (see BBS
(8.106), where according to BBS (8.34) one has `s =

√
α′):

TD0 = MD0 =
1

R11

=
1

`sgs
.

Therefore, according to BBS (6.112), (6.114) recursion formulae tension of D2-brane is equal
to (this result is mentioned in Chapter 6 too, see BBS (6.115))

TD2 =
1

(2π)2α′`sgs
=

2π

(2π`s)3gs
.

From the other point, M2-brane under dimension reduction of one of its longitudinal coor-
dinates is transformed to fundamental string (because this string is coupled to corresponding
B2-field, obtained by dimensional reduction form A3), therefore tension of M2-brane is given
by (see BBS (8.107)):

TM2 =
TF1

2πR11

=
2π

(2π`s)3gs
,

where we’ve used the fact, that tension of fundamental string is given by TF1 = 1
2πα′

(BBS
(2.42)). One easily observes that TD2 = TM2.

According to BBS (8.22), (8.95) and (8.34) tensions of M5 and NS5 branes equal to each
other. This tension is given by

TM5 =
2π

(2π`p)6
=

2π

g2
s(2π`s)

6
,
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therefore tension of wrapped M5 brane is equal to

2πR11TM5 =
2π

gs(2π`s)5
,

which is equal to the tension of D4-brane.

Problem 8.13
BBS (8.131) →

β =

√
2πR11TM2

TF1

. (8.79)

Combine it with BBS (8.136) →

TD3 =
TM2

2πRBβ3
=

TM2

2πRB

(
TF1

2πR11TM2

) 3
2

. (8.80)

BBS (8.132) →
RB =

gs

(2πR11)3/2
√
TF1TM2

.

Substitute into (8.80) →

TD3 =
T 2
F1

2πgs
. (8.81)

Substitute (8.79) and (8.81) into BBS (8.138) →

TM5 =
T 2
M2

2π

(2πR11)2

gsAM
. (8.82)

BBS (8.129) → ImτM = ImτB,
BBS (8.98) → ImτB = 1

gs
,

therefore BBS (8.126) → AM = (2πR11)2

gs
.

Substitute into (8.82) →

TM5 =
T 2
M2

2π
.

Problem 8.14
Eq. BBS (8.139) verifies formulae BBS (8.22) for tensions of M2- and M5-branes. Then

TM2TM5 = 2π
1

(2π)8(gsl3s)
3
.

BPS bound is defined as TM2 = αµM2, and TM5 = αµM5, where

α =
1

(2π)4(gsl3s)
3/2
.

Then Dirac quantization condition (for the minimal product of charges, which is the case here
because according to the problem statement both M2-brane and M5-brane carry one unit of
corresponding charges) is indeed satisfied:

µM2µM5 = 2π.
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Problem 8.15
We are going to match M-theory compactified on cylinder M , and SO(32) heterotic string (HO
string) compactified on circle. Cylinder has length L1 in eleventh direction, and circumference
L2 in tenth direction. In HO theory tenth (compactified) direction has length (period) LO =
2πRO.

According to mass formula for compactified closed string, tension of a string is a mass of
excitation in compactified direction per unit length (see BBS (6.14) or its generalization BBS
(8.123)). Here we consider closed string which wounds compact direction ones, namely consider

HO string wrapped on RO-circle. Its mass is then 2πROT
(HO)
1 . It corresponds to lowest KK

mode of M2-brane on cylinder. Generally speaking, KK modes on cylinder are described by
wave function with periods L1 and L2:

ψn1,n2 ∼ exp

(
2πi

(
n1

L1

x+
n2

L2

y

))
,

where we have denoted x = x10 and y = x9. The mass squared is eigenvalue of −∂2
x − ∂2

y

operator. For KK excitation, corresponding to considered lowest HO string state, mass is
equal to 2π

L2
. Matching masses of KK excitations, taking into account factor β, relating metrics

in 11D and 10D (g(M) = β2g(O), and therefore if we compare some length a, or mass a−1, in
HO theory with some length b in M-theory then we are to write it as aβ ∼ b), one gets

βL2ROT
(HO)
1 = 1. (8.83)

Now lets match compactified HO string, with lowest mass input from compactified direction
being 1

RO
, and compactified M-theory with lowest mass input from compactified directions

being AMTM2 = L1L2TM2 (again, use appropriately β factor):

L1L2TM2 =
2πβ

LO
. (8.84)

Equations (8.83) and (8.84) together give us

L1L
2
2TM2 =

(2π)2

T
(HO)
1 L2

O

.

Also from (8.83) and (8.84) one can also easily figure out, that

β =

√
L1TM2

T
(HO)
1

, (8.85)

and

L0 =
2πβ

L1L2TM2

. (8.86)

Now observe that (1, 0) D5-brane in heterotic string theory (actually heterotic string is closed

string theory, therefore Dirichlet brane is not appropriate term) is ’replaced’ by T
(HO)
5 -brane,

which is TM5-brane without x11 as longitudinal direction. If we compactify T
(HO)
5 -brane on
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circle of radius RO and TM5-brane on L2-line interval, we will get (with respect to β5 factor,
denoting matching of 5 dimensions of length) matching of tensions of 4-branes:

LOβ
5T

(HO)
5 = L2TM5.

Using (8.85), (8.86) and BBS (8.139) for the relation TM5

(TM2)2 , we get

T
(HO)
5 =

(T
(HO)
1 )3

(2π)2

(
L2

L1

)2

.

Finally let’s match masses of KK excitations of M-theory and HO-string, as it was done in the
beginning of this solution, but using formula |n2−n1τB|T (HO)

1 β for tension (mass per unit length
in compactified direction) for mass of (n1, n2) KK excitation of HO string (β factor makes our
consideration 11D). Namely we are interested in (1, 0) KK excitation. Because τB = i

gs
(in

difference with BBS (8.98), presented for type-IIB superstring, HO string as type-I string has
no C0 fileds - there’s ’just’ C2), according to presented above mass of M-theory KK excitation
(applied for (n1, n2) = (1, 0) case), we obtain

LO
1

gs
T

(HO)
1 β =

2π

L1

.

Combining this with (8.83) one gets

gs =
L1

L2

.

9 String geometry

Problem 9.1
According to BBS (9.241) dual form on four-dimensional manifold is determined by formula

?(dxµ ∧ dxν) =
1

2
Eµνλρgλλ′gρρ′dx

λ′ ∧ dxρ′ ,

where Eµνλρ = εµνλρ√
|g|

.

We deal with rectangular torus T 4 with metric having only non-zero components gz1z̄1 =
gz̄1z1 = gz2z̄2 = gz̄2z2 = 1

2
, and therefore

√
|g| = 1

4
. We also hold the definition ε121̄2̄ = 1. As a

result one has
?(dz1 ∧ dz2) = 4g1̄1g2̄2dz

1 ∧ dz2 = dz1 ∧ dz2,

?(dz̄1̄ ∧ dz̄2̄) = dz̄1̄ ∧ dz̄2̄,

?(dz1 ∧ dz̄2̄) = −dz1 ∧ dz̄2̄,

?(dz2 ∧ dz̄1̄) = −dz2 ∧ dz̄1̄,

?(dz1 ∧ dz̄1̄ + dz2 ∧ dz̄2̄) = dz1 ∧ dz̄1̄ + dz2 ∧ dz̄2̄,

?(dz1 ∧ dz̄1̄ − dz2 ∧ dz̄2̄) = −(dz1 ∧ dz̄1̄ − dz2 ∧ dz̄2̄).
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In addition note that 3 anti self-dual 2-forms provided here should be accompanied with 16
anti self-dual 2-forms J of the type BBS (9.25) from 16 EH spaces around 16 singularities of
orbifold. Observe also that among formulae above one has 3 self-dual 2-forms.

Finally note that considered forms are harmonic, or equivalently, they form non-trivial basic
elements of de Rahm cohomology class H2. Indeed, if the form is closed and self-dual (or anti
self-dual), then it’s obviously harmonic. Forms J are closed as Kähler forms, and they are anti
self-dual, as it’s shown in the solution of Problem 9.2. Other six forms considered above are
both closed and (anti) self-dual. Therefore they are all harmonic.

Problem 9.2
The positive-oriented order of coordinates is (r, ψ, θ, φ), as it’s shown later it gives positive
determinant of metric tensor. Then from BBS (9.24) it follows, that metric tensor of EH space
is given by matrix:

gµν =

 1
∆
0
0
0

0
r2∆

4

0
r2∆ cos θ

4

0
0
r2

4
0

0
r2∆ cos θ

4

0
r2

4
(∆ cos2 θ+sin2 θ)


µν

Then determinant of metric tensor is equal to g = r6 sin2 θ
64

. Spherical coordinate θ takes values

in the range [0, π], hence
√
g = r3 sin θ

8
> 0. The quantity Eµνλρ = εµνλρ√

g
is a tensor. According

to BBS (9.241) the Hodge dual forms are calculated with the help of formula

?(dxµ ∧ dxν) =
1

2
Eµνλρgλλ′gρρ′dx

λ′ ∧ dxρ′ .

The factor 1
2

will be compensated after summation of (λ, ρ) indices. Due to positive-oriented
order of coordinates mentioned above (and due to the fact that in Euclidean space we can rise
all four indices of ε-symbol without change of the sign; while orientation is defined namely by
antisymmetric tensor with lower indices - volume form components) we have εrψθφ = 1. Then
we get:

?(dr ∧ dψ) = − r

2 sin θ

(
(sin2 θ + ∆ cos2 θ)dφ+ ∆ cos θdψ

)
∧ dθ;

?(dr ∧ dφ) = − r∆

2 sin θ
dθ ∧ (dψ + cos θdφ);

?(dθ ∧ dφ) =
2

r sin θ
dr ∧ (dψ + cos θdφ).

Hence from BBS (9.25) it follows that

?J =
r2

4
sin θdθ ∧ dφ− r

2
dr ∧ dψ − r

2
cos θdr ∧ dφ.

Observe, that ?J = −J , that is Kähler form of EH space is anti self-dual.

Problem 9.3
2-sphere S2 is a Riemann surface, which is complex projective space CP 1. The later is Kähler
space with Kähler potential, explored for general CP n in the solution of the Problem 9.4. For
the first map of CP 1, with all points except infinitely distant point on complex plane one has
Kähler potential

K = ln(1 + zz̄).
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So, the metric tensor on sphere has only two non-zero components, which due to symmetry of
metric on hermitian manifold (which Kähler manifold is) are equal to each other:

gzz̄ = gz̄z = ∂z∂z̄K =
1

(1 + zz̄)2
.

A known fact is that on a Kähler manifold Ricci tensor is given by components

Rb̄c = ∂b̄∂c ln
√
g,

which is here reduced to only one non-zero component

Rz̄z = Rzz̄ = − 2

(1 + zz̄)2
.

In analogous manner to Kähler form kab̄ = J cagcb̄, defined through Kähler metric and com-
plex structure tensor (together with kāb = −J c̄āgbc̄), we can naturally define Ricci form with
components antisymmetric in indices permutation. As a result we get Ricci form (see BBS
(9.278))

R = −2i
dz ∧ dz̄

(1 + zz̄)2
.

Let’s proceed to Chern class. First we integrate Ricci form over complex plane, going to
real coordinates and then to plane polar coordinates:∫

R = −4

∫
dx ∧ dy

(1 + x2 + y2)2
= −8π

∫
rdr

(1 + r2)2
= −4π.

Then according to BBS (9.279) one has c1 = −2.

Problem 9.4
Let’s go a little bit different way from the one proposed on p. 369 BBS. Introduce Kähler
potential

K(za, z̄ā) = ln
n+1∑
a=1

zaz̄ā

before choosing an open set with some concrete non-zero za. Observe that under CP n identifi-
cation (z1, · · · , zn+1) ∼ (λz1, · · · , λzn+1) this potential changes by constant shift by lnλ, which
will not affect metric. As a consequence note that infinitesimally close to the point {za} point
{λza}, where λ = 1 + ε, ε→ 0 have Kähler potential, which differ by coordinate-independent
constant (it holds for any λ, not necessary close to 1, but we want to find ds for equivalent
by λ-identification close points), and therefore the second differential between these values is
essentially zero, that signifies the zero value of distance between equivalent points:

∆b∆c̄K = ∆b

[
ln

(
n+1∑
a=1

zaz̄ā|1 + ε|2
)
− ln

n+1∑
a=1

zaz̄ā

]
= ∆b ln |1 + ε|2 = 0.

Then the metric on CP n is given by

ds2 = ∂∂̄K =
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= (z̄f̄zf )−1

(
dza − za z̄

b̄dzb

zcz̄c̄

)(
dz̄ā − z̄ā z

ddz̄d̄

zcz̄c̄

)
,

where we’ve made some additional step to get to this view of interval. Then on Kähler manifold
on each open submanifold with non-zero za (with some particular a) one uses CP n identification
condition to set za = 1, which in text (BBS p. 369) is described as transition to variables

wb = zb

za
, b 6= a. It’s naturally the same, up to a shift of Kähler potential by ln za + ln z̄ā (this

shift - Kähler transformation - will not change the metric). Anyway, the Kähler potential will
be

K = ln

(
1 +

∑
b 6=a

zbz̄b̄

)
.

Transition to other open sets (with different non-zero coordinate) will just shift Kähler potential
by a constant according to pointed above. One can also perform a permutation of coordinates,
to keep fixed coordinate always called zn+1.

Problem 9.5
First of all note that if τ = τ1 + iτ2 is a modular parameter of torus T 2, then one can choose
two real coordinates σ1, σ2 (also denoted as x and y in the solution of Ex. 9.9, which ex-
plores complex structure moduli space) with periods equal to 1, and define metric tensor, with
determinant equal to 1:

g =
1

τ2

(
τ 2

1 + τ 2
2

τ1

τ1

1

)
.

This procedure was already mentioned in the solution of Problem 7.9. If one considers complex
coordinates z, z̄ with z = σ2 + τσ1 (and corresponding identifications z ∼ z + 1, z ∼ z + τ),
one will get the length element

ds2 = 2gzz̄dzdz̄

with gzz̄ = 1
2τ2

(correspondingly gzz̄ = 2τ2). Kähler form components are then: Jzz̄ = i 1
2τ2

and

Jz̄z = −i 1
2τ2

, Kähler form is given by equation

J = Jzz̄dz ∧ dz̄ =
i

2τ2

dz ∧ dz̄.

Introduce also antisymmetric B moduli field, being (1, 1)-form:

B = ibdz ∧ dz̄.

This field has only one independent component, and was already employed in the solution of
Problem 7.12. Here it plays its role in complexification of Kähler form: J = B + iJ . General
expression BBS (9.127) for expansion of complexified Kähler form through basis (1, 1)-forms
now reduces to just one basis (1, 1)-form being dz ∧ dz̄ and correspondingly just one complex
coordinate w:

J = wdz ∧ dz̄.
Decompose w = w1 + iw2. Then

J − J̄ = 2iJ = − 1

τ2

dz ∧ dz̄ =
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= 2w1dz ∧ dz̄,
therefore one concludes that w1 = − 1

2τ2
,

J = −iw1dz ∧ dz̄.

and
δJ = −i(dw1)dz ∧ dz̄,

from which it follows that
δgzz̄ = −dw1.

Consider next
J + J̄ = 2B = 2ibdz ∧ dz̄ =

= 2iw2dz ∧ dz̄,
therefore one concludes that w2 = b,

B = iw2dz ∧ dz̄.

and
δB = i(dw2)dz ∧ dz̄,

from which it follows that
δBzz̄ = idw2.

Using second part of formula BBS (9.97) for Kähler structure moduli space metric we obtain

ds2 =
1

2V

∫
gab̄gcd̄(δgad̄δgcb̄ − δBad̄δBcb̄)

√
gd2z =

= 2τ 2
2 (dw2

1 + dw2
2) =

1

2w2
1

(dw2
1 + dw2

2),

where V =
∫
d2z
√
g.

Let’s propose that Kähler structure moduli space potential is given by

K = −1

4
ln

(∫
J

)
= −1

4
ln

(
i

2τ2

∫
dz ∧ dz̄

)
.

Due to pointed above it follows that Kähler metric tensor has the sole non-zero component
which equals to

∂2K
∂w∂w̄

= τ 2
2 =

1

4w2
1

.

Indeed, for example it was used that

−4
∂K
∂w̄

=
− i

2τ2
2

∫
dz ∧ dz̄

i
2τ2

∫
dz ∧ dz̄

∂τ2

∂w̄
= − 1

τ2

(
∂w1

∂τ2

)−1

= −2τ2.

Corresponding interval on Kähler structure moduli space is equal to

ds2 = 2∂∂̄Kdwdw̄ =
1

2w2
1

dwdw̄ =
1

2w2
1

(dw2
1 + dw2

2).
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Problem 9.6
The solution of this problem is heavily based on the solution of Problem 7.12, mainly its third
and fourth parts (fourth part is actually the solution of the present problem itself, while third
part explains some details and introduces some definitions). Let’s make the connection with
pointed on p. 388 BBS. Formula BBS (9.87) is written for rectangular torus with no B-field.
Indeed, according to Problem 7.12 we can use reparametrization invariance of torus surface to
eliminate two fields on it. We choose G12 ∼ θ component of metric to eliminate, together with
B12 - the sole non-zero component of B-field. Then complex parameters τ and ρ (introduced
in the solution of Pr. 7.12), describing torus, reduce to

τ = i

√
detG

G22

, ρ = i
√

detG.

Here G = diag{R2
1, R

2
2} is diagonal metric of rectangular torus with periods R1 and R2, and

therefore these formulae are of the form BBS (9.87), with accuracy of redefinition R1 ↔ R2,
as it’s easy to check. Then mirror symmetry τ ↔ ρ as explained in the solution of Pr. 7.12 is:
1) always reduced to that on rectangular torus; 2) is a duality transformation, which therefore
doesn’t change spectrum of the string.

Problem 9.7
We are going to start the solution of this problem with procedure of fixation of metric gauge.
The thing is that metric transformations which can be represented as δgmn = ∇mξn+∇nξm are
actually transformations of metric associated with change of coordinates δxm = ξm. Therefore,
D = 6 independent transformations of metric are purely gauge. We can fix them by imposing
m constraints

Γm = gknΓmkn = 0, (9.87)

which always may be satisfied by proceeding to appropriate coordinate system (by definition
metric gkn on the r.h.s. of (9.87) is initial Ricci-flat Kähler metric, while connections Γ are
constructed with the varied metric g + δg). As soon as coordinate system is fixed, no metric
changes produced by more coordinate changes will be allowed. Indeed, (9.87) may be rewritten
in the form (of BBS (9.91)):

∇mδgmn −
1

2
∇nδg

k
k = 0, (9.88)

where gmn is our initial Ricci-flat Kähler metric, which is used to construct connections and
covariant derivatives (the simplest way to prove this is to imagine, that our initial Ricci-flat
metric is actually flat, at least locally: gmn = ηmn = δmn, which will highly simplify all formulae
with derivative of metric, expanded to the first order of δg, for example, affine connections would
be Γmnk = 1

2
ηmp(hpn,k + hpk,n − hnk,p), and then return to real metric gmn, changing all partial

derivatives to covariant derivatives and assuming that indices are getting up and down with the
help of our initial Ricci-flat Kähler metric gmn). If one conveniently defines hmn = δgmn, then
one will get rational explanation of definition of δgkk , provided after BBS (9.91): δgkk = gkmhmk.
If one then wants to satisfy (9.88), one first of all performs coordinate change to transform
D = 6 independent components of metric: hmn = ∇mξn +∇nξm:

∇2ξm = ∇nh
n
m −

1

2
∇mh

n
n.
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Having done this, one is able to perform actual (non-presentable as result of coordinate change)
moduli transformations of metric. Doing this in a locally flat coordinate system, and performing
transition to arbitrary coordinate system, as described above, one gets formula BBS (9.92).

Problem 9.8
Consider (2, 1)-form, given by BBS (9.96):

η = Ωabcg
cd̄δgd̄ēdz

a ∧ dzb ∧ dz̄ē.

This form will be proved to be hamonic if one proves that δgd̄ē are elements of harmonic form,
because 3-form Ω is harmonic form of CY3, and Kähler form J = igab̄dz

a ∧ dz̄b̄ is closed.
Suppose now we perform a variation of complex structure of CY manifold. CY is complex

space, and therefore it possesses integrable complex structure: we can diagonalize complex
structure tensor on the whole manifold. In terms of complex coordinates it will be written as
Jab = iδab (in holomorphic coordinates) and J ā

b̄
= −iδā

b̄
(in antiholomorphic coordinates). We

are interested in variations of complex structure J̃mn = Jmn + τmn (we are using real indices,
because for complex indices we are to determine whether they are holomorphic or not). We
assume that variation of complex structure still leaves manifold complex. Then two conditions
must be satisfied: first - condition of almost complex structure J̃ab J̃

b
c = −δac (and the same for

antiholomorphic case). So, for both (anti)holomorphic indices of variation of complex structure
tensor one has condition τab = 0, τ ā

b̄
= 0 (for infinitesimal τ). Therefore, the only possible case

for moduli variations of complex structure is constructed with the help of τ with indices of
different types. Second condition is that modified complex structure still must be integrable,
which is equivalent to vanishing of Nijenhuis tensor. Because of we started with complex
manifold, and therefore N -tensor was zero, then we must require vanishing of variation of
N -tensor. To compute this variation note that terms of the type ∂[qJ

p
n] in the expression for

N -tensor vanish when they are not varied, because they will be proportional to derivative of
delta-symbol. Then, index structure of variation of N -tensor is different from index structure of
initial N -tensor, because variation of complex structure has index structure different from that
of starting complex structure. To determine this index structure more concretely one should
take into account the fact that only non-zero terms of variation of N -tensor are of the type
J∂δJ ∼ J∂τ , where J has indices of the same type and τ has indices of opposite types. Then
one gets the following non-zero variations

δNa
b̄c̄ = −i(∂b̄τac̄ − ∂c̄τab̄ ),

and complex conjugate to this. Because complex structure J̃ is a tensor, then τa
b̄

is a tensor
too, then τa may be viewed as antiholomorphic form (as (0, 1)-form). Vanishing of variation of
N -tensor then means ∂̄τa = 0, that is τa ∈ H0,1.

Because of gmn = J lmkln, when J is infinitesimally varied, Kähler form k shouldn’t be varied,
and therefore variation of metric will have index structure, opposite to that of initial metric.
Therefore terms of the type δgab and δgāb̄ have their origin in variation of complex structure
and are harmonic, because variation of complex structure is harmonic.

Problem 9.9
If one represents complex manifold M with 3 complex dimensions in terms of unification of
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sets (AI , BI), where AI and BI are (2, 1) and (1, 2) homology basic cycles, then to integrate
antisymmetrized product α∧β of (2, 1) and (1, 2) forms form over manifold one may use formula
BBS (9.116).

According to BBS (9.104), one has

e−K
2,1

= i

∫
Ω ∧ Ω̄.

With the help of BBS (9.107), (9.109), (9.116) one easily proves BBS (9.117).

Problem 9.10
Formula BBS (9.132) for Kähler potential on moduli space of CY Kähler structure J will
agree with the formula BBS (9.129) for the same matter, if they differ by constant multiplier.
Indeed, in that case Kähler potential K1,1 will be just shifted by a constant, which will have
no affection on metric. Observe, that for real basis {eα} of (1, 1)-forms in the space of moduli
transformations of Kähler structure one has formula BBS (9.127), which gives expressions
eα = ∂J

∂wα
, and eα = ∂J̄

∂w̄α
(remember that (1, 1)-forms are real). Use these expressions while

differentiating prepotential G(w), given by BBS (9.131). For example:

h1,1∑
α=1

w̄α
∂G(w)

∂wα
=

1

2w0

∫
J̄ ∧ J ∧ J .

Complex conjugation gives second set of summarized terms in r.h.s. of BBS (9.132). This will
give

i
h1,1∑
α=1

(
wα

∂Ḡ(w̄)

∂w̄α
− w̄α∂G(w)

∂wα

)
=

=

∫
J ∧ J ∧ J +

∫
B ∧ J ∧B.

At the same time one has auxiliary term w0 in the sum:

i

(
w0∂Ḡ(w̄)

∂w̄0
− w̄0∂G(w)

∂w0

)
=

= −
∫
B ∧ J ∧B.

Altogether one has

i

h1,1∑
A=0

(
wA

∂Ḡ(w̄)

∂w̄A
− w̄A∂G(w)

∂wA

)
=

∫
J ∧ J ∧ J,

which according to pointed above agrees with BBS (9.129).
In this solution it was used the fact, that for for 2-forms it takes place B ∧ J = J ∧B.

Problem 9.11
From BBS (9.117) formula for Kähler potential of complex-structure moduli space of CY mani-
fold and formula BBS (9.142) for ’dual’ singular first coordinate on this moduli space, it follows
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formula BBS (9.143), describing corresponding term in Kähler potential:

K ∼ ln
(
|X1|2 ln |X1|2

)
,

which allows us to find corresponding component G11̄ of metric of moduli space:

G11̄ = ∂1∂1̄K ∼
1

|X1|2(ln |X1|2)2
,

which is singular if X1 → 0, because power function is faster, then logarithm, as, b.t.w., may
be easily demonstrated using the fact, that limit of fraction of smooth functions is equal to
limit of fraction of their derivatives.

Problem 9.12
Technics applied here are similar to that used for exploration of κ-symmetry of GS superstring
in Chapter 5. We are going to start with derivation of useful identity on Γ-matrices, with the
help of simple intuitive method like that used in the solution of Problem 5.6. Such a method is
independent of dimension of space-time, then it doesn’t matter that we were dealing with ten-
dimensional superstring theory in Ch. 5 and we are dealing with eleven-dimensional M-theory
now. The formula to be derived is

{ΓMNP ,ΓM ′N ′P ′} =

= −2(ηMM ′ηNN ′ηPP ′ −

−ηMM ′ηNP ′ηPN ′ +

+ηMP ′ηNM ′ηPN ′ −

−ηMP ′ηNN ′ηPM ′ +

+ηMN ′ηNP ′ηPM ′ −

−ηMN ′ηNM ′ηPP ′) +

+2ΓMNPM ′N ′P ′ . (9.89)

This formula may be proved by substitution of particular sets of ((M,N,P ), (M ′, N ′, P ′)) to
be ((0, 1, 2), (0, 1, 2)), ((0, 1, 2), (0, 2, 1)), and so on, to make one of first six terms in r.h.s. of
(9.89) non-zero and others zero (the last term will be zero too due to antisymmetrization of
equal indices).

Now, define operator γ through BBS (9.146) and

P± =
1

2

(
1± i

6
γ

)
.

To explore features of projector operators, one shall find γ2:

γ2 = (εαβγ∂αX
M∂βX

N∂γX
P )(εα

′β′γ′∂α′X
M ′∂β′X

N ′∂γ′X
P ′)ΓMNPΓM ′N ′P ′ , (9.90)

namely one must show, that γ2 = −36. It’s convenient to represent γ2 = 1
2
{γ, γ}, to get

anticommutator of ΓMNP matrices and use formula (9.89). Then note that the last term in
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r.h.s. of (9.89) doesn’t contribute to γ2, because ΓMNPM ′N ′P ′ is antisymmetric in permutations
of (M,N,P ) and (M ′, N ′, P ′), but two multipliers in round brackets in (9.90) are symmetric.
Finally note that according to definition of determinant, for matrix Gαβ = ηMN∂αX

M∂βX
N

one has determinant G satisfying equation

3!G = εαβγεα
′β′γ′Gαα′Gββ′Gγγ′ .

The square root of this determinant is assumed to be present in denominator of tensor εαβγ.
Therefore, when we calculate γ2, due to (9.89) we get six equal to each other terms −2 · 3!.
Factor 2 compensates factor 1

2
from 1

2
{γ, γ}. Therefore what remains is γ2 = −36.

The rest of the solution is obvious, because now it’s evidently that (P+)2 = P+, (P−)2 = P−,
P+P− = 0.

Problem 9.14
Moduli variations of complex structure should lead to tensor which still will be complex struc-
ture and which will lead to vanishing of Nijenhuis tensor. Therefore it may be shown that
variations of complex structure are given by tensor τ b̄a, which is a closed (1, 0)-form for each
value of index b̄. The proof was presented in the soluion of Problem 9.8.

With the help of metric tensor we can make both indices of τ lower and denote the resulting
tensor as Ωab to make contact with BBS (9.172). Because of metric tensor on Kähler manifold
is expressed through Kähler form k and complex structure J in a way gmn ∼ kmkJ

k
n, then

variation of metric, which follows from variation of complex structure, is given by

δgab = Ωacg
cd̄kbd̄ + (a↔ b),

where gcd̄ is introduced to make covariant contractions of indices, and a ↔ b is used to make
variation of metric symmetric in permutation of indices. Because of on Kähler manifold, which
is a complex manifold, one has Jab = iδab , then kab̄ = igab̄, and therefore

δgab ∼ iΩacg
cd̄gbd̄ + iΩbcg

cd̄gad̄ = iΩab + iΩba = 0.

Observe the difference with three-dimensional CY manifolds, where there’re no (2, 0)-forms.

Problem 9.15
In D = 6 space-time anomaly form is I8, as explained on page 173 BBS. To cancel anomalies
we should be able to introduce local counterterm of the type BBS (5.135), where in our par-
ticular case Y8 8-form is to be replaced by Y4 4-form. Returning to our (D + 2)-anomaly form
we conclude, using descent equations BBS (5.106), (5.107), that anomaly form I8 has to be
factorizable into two 4-form parts.

From equations BBS (5.112), (5.114), (5.116), and equations provided in the solution of Ex.
5.9 for fermionic anomaly forms, one summarizes that non-factorizable terms of 8-forms are

IA(R) =
7

8 · 180
trR4 self-dual tensor; (9.91)

I1/2(R) =
1

32 · 180
trR4 left-handed Weyl spinor; (9.92)
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I3/2(R) =
49

128 · 9
trR4 left-handed gravitino. (9.93)

Chiral content of N = 2, D = 6 type-II supergravity is five self-dual antisymmetric tensors
and two left-handed gravitino. Chiral content of tensor multiplet of the same supersymmetry is
anti-self-dual antisymmetric tensor and two right-handed Weyl spinors. Therefore for 21 tensor
multiplets and supergravity multiplet non-factorizable 8-form term is

−16IA(R) + 2I3/2(R)− 42I1/2(R). (9.94)

With the help of (9.91), (9.92) and (9.93) one easily shows, that 8-form (9.94) cancels out.

Problem 9.16
Kinetic term of τ field of the action BBS (9.189) on complex plane in terms of conformal
coordinates is

Sτ = 4

∫
∂τ̄ ∂̄τ + ∂τ ∂̄τ̄

(τ − τ̄)2
d2z.

Here conformal factor is eliminated from the action, because its inverse from gzz̄ cancels out
with that from

√
|g|. Lagrange equations obviously give:

∂∂̄τ̄ +
2∂τ̄ ∂̄τ̄

τ − τ̄
= 0.

Obviously for holomorphic τ this variation vanishes.

Problem 9.18
Consider 3-form

φ = dy123 + dy145 + dy167 + dy246 − dy257 − dy347 − dy356,

where fundamental 3-forms are

dyijk = dyi ∧ dyj ∧ dyk.

The form φ is obviously preserved by action of α, β and γ transformations, given by equa-
tions BBS (9.215)-(9.217). It’s also apparently that α2 = β2 = γ2 = 1 and that different
transformations commute with each other.

Let’s study fixed points of α, acting on T 7. First of all notice that coordinates (y1, y2, y3)
are all fixed (similar triplets exist for β and γ too) and form subspace T 3. The rest subspace
of T 7 is T 4 = T 2 × T 2, where each T 2 may be covered by complex coordinate: one with
z1 = y4 + iy5 and the other one with z2 = y6 + iy7. Then observe that α has on these tori fixed
points when one of complex coordinates za equals to one of four values 0, 1

2
, i

2
, 1+i

2
(these are

all fixed points on torus, which are not equivalent to each other by torus similarity factorization
of complex plane). Therefore there’re 42 = 16 fixed points of T 2× T 2 and therefore fixed space
of α action on T 7 is 16 copies of T 3. Exactly the same fixed points of T 4 = T 7

T 3 with fixed T 3

as for α take place for β and γ, therefore each of them has fixed tori T 3 too. At the same
time, points which are fixed for α are not fixed for β and γ, and so on. The crucial fact here is
presence of y → 1

2
− y transformations.
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Problem 9.19
Consider 3-cycle with coordinates σα, α = 1, 2, 3 on it in D = 7 manifold with G2 holonomy.
Then according to BBS (9.144)-(9.148), condition of supersymmetry preservation by this 3-
cycle is given by equation BBS (9.218). Here we study 3-cycle in M7, not M4 = M11/M7,
therefore with proper indices BBS (9.218) is to be rewritten as

P−η =
1

2

(
1− i

6
εαβγ∂αX

m∂βX
n∂γX

pγmnp

)
η = 0. (9.95)

Here m,n, p are inner space (that is G2-holonomy 7-manifold) indices, and γmnp are D = 7
Clifford algebra elements.

Spinor η in D = 7 can be made neither Majorana nor Weyl. But it can be chosen covariantly
constant, which will mean that it transforms trivially under action of G2 holonomy (singlet of
decomposition 8 = 7 + 1 of spin of Spin(7) - largest holonomy of D = 7 manifold - where 7
indicates action of Spin(7) subgroup G2, which is actual holonomy group here). With the help
of such spinor one is able to construct 3-form Φ with elements Φmnp = ηTγmnpη, which will be
covariantly constant and play role of associative calibration, defined in equation BBS (9.214).

Preserved by compactification on M7 supersymmetry transformations are performed with
the help of covariantly constant on M7 spinor η, which will signify its belonging to singlet part
of G2 holonomy. Now multiplying (9.95) by ηT from the left side, such that normalization
condition ηTη = 1 takes place, and defining Φmnp = −iηTγmnpη, one gets equation

∂[αX
m∂βX

n∂γ]X
pΦmnp = εαβγ.

The case of 4-cycle is treated in a similar manner. One first deduces equation BBS (9.220)
(applied for M7). Then one multiplies it by ηT from the left side. These will give a 4-form
Φ̃mnpq ∼ ηTγmnpqη, which is covariantly constant, as soon as η is. Therefore this form may be
expressed as dual to associative calibration form Φ, because dualization will be provided with
absolutely-anisymmetric tensor, proportional to volume form, which is covariantly constant.
Contraction of covariantly constant form Φ with covariantly constant volume form will give
covariantly constant form Φ̃ ∼ ?Φ. The rest of derivation is provided in a similar manner to
that of BBS (9.219).

Problem 9.21
Our aim is to compound independent equations which will describe constraints on parameters
aij of SO(8) transformations following from condition of invariancy of the form Ω, given by
BBS (9.224). In this solution we describe how to find coefficient of some form dyijkl which is
variation of other forms under δyi = aijy

k. For example, pick up form 1254 (short notation
for dy1254). This form will be proportional to variation of some terms of form Ω, if that terms
are forms, which differ from given one only by one index. Coefficient of proportionality will
be appropriate sign of aij, where indices of parameter a are a couple of distinct indices of
varied form and result of variation. For example, 1234 is first term of Ω, and it is to be varied:
δ(1234) = a35(1254) + . . . , where we omit other terms because we are looking for 1254-type
form. There’re 4 indices, which may differ from 1254 while other three are the same. Therefore
the number of coefficient terms in front of each form will be equal to four. Our case gives

a35 + a64 + a82 − a71 = 0.
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To get the number of linearly independent equations one shall find the number of ways to
construct equations of this type with four terms, such that all a-parameters are different in
all equations. There’re 28 parameters in SO(8), and therefore the number of independent
equations is equal to 28

4
= 7, which is equal to difference in number of parameters of SO(8)

and SO(7) (this is not a surprise, while we start with larger SO(2k) group and take k-form for
calibration of SO(2k − 1)). Altogether we have the following system:

a35 + a64 + a82 − a71 = 0, a36 − a54 + a72 + a81 = 0,

a37 + a84 − a62 + a51 = 0, a38 − a74 − a52 − a61 = 0,

−a31 − a68 − a75 + a42 = 0, −a34 − a78 + a65 − a21 = 0,

−a14 − a23 − a58 − a76 = 0.

10 Flux compactifications

Problem 10.1
Actually, some calculations about transformation of spinor covariant derivative under metric
conformal transformations were already performed in the solution of Problem 8.8. But we will
repeat them here (in kind of different notation) for reasons pointed bellow. Local conformal
transformation of metric ĝMN = Ω2gMN may be reformulated as transformation of elfbein
ÊA
M = ΩEA

M , for inverse elfbein this transformation looks like ÊM
A = Ω−1EM

A . According to
formula GSW (12.1.5) (or BBS (8.19), (8.20)) for spin connection one then has

ω̂ABM ΓAB = ωABM ΓAB − Ω−1ENAEA
M(∂NΩ)ΓAB.

According to GSW (12.1.6) (or BBS (8.18)) one then results in

∇̂Mη = ∇Mη +
1

2
Ω−1(∂NΩ)Γ N

M η. (10.96)

Covariant and partial derivatives of scalar Ω are equivalent to each other.
Now we shall apply our result to derive formulae BBS (10.18). It’s not straightforward for

the case of first formula of BBS (10.18), because conformal rescaling factor, which is a power
of ∆, depends only on internal coordinates, therefore first formula mixes indices m and µ and
uses both conformal factors Ω1 = ∆−1/2 and Ω2 = ∆1/4. As for second formula, we deal only
with Ω2 and formula (10.96) gives:

∇̂mε = ∇mε+
1

8
∆−1(∂n∆)Γ n

m ε =

= ∇mε+
1

8
∆−1(∂n∆)(1⊗ γ n

m )ε.

Note, that for Γ-matrices one should use formulae BBS (10.8)without conformal factors - in old
basis of elfbeins.
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Now, after we’ve figured out this simplest example, let’s consider the first case. Keeping
only derivatives of Ωi by internal coordinates in formula GSW (12.1.5), we will get

ΓABω̂
AB
µ = ΓABω

AB
µ − Ω−1

2 EnAEB
µ (∂nΩ1)ΓAB −

−ΓABE
nAΩ−1

2

(
Ω−1

1 EνB(∂nΩ1)EνCE
C
µ Ω1 + Ω−1

2 EmB(∂nΩ2)EmCE
C
µ Ω1

)
,

where the last term vanishes, because it contains contraction EmCE
C
µ = gmµ = 0. Then, after

simplification, one gets
ΓABω̂

AB
µ = ΓABω

AB
µ −∆−

7
4 ∆,nΓ n

µ

Using mentioned above formula

∇µε = ∂µε+
1

4
ωABµ ΓABε

for covariant derivative of spinor, and substituting expressions for factorized gamma-matrices
one results in first formula BBS (10.18).

Problem 10.2
If η = ∆−1/4ξ, then

∇mη +
1

4
∆−1(∂m∆)η = ∆−1/4∇mξ,

and therefore BBS (10.26) gives
∇mξ = ∆−3/4Fmξ.

In Majorana representation γ-matrices are real and symmetric, and spinors ξ are real. There-
fore, because of due to definition BBS (10.21) one has FT

m = −Fm, then

∇mξ
† = ∇mξ

T = −∆−3/4ξTFm.

Therefore
∇mJ

p
n = ∇m(−iξTγ p

n ξ) = i∆−3/4ξT (Fmγ
p

n − γ p
n Fm)ξ. (10.97)

Because of internal spinors ξ are commuting and matrix

Fmγ
p

n − γ p
n Fm

is obviously antisymmetric, then according to (10.97) one results in

∇mJ
p

n = 0.

Problem 10.4
In the text formulae BBS (10.23), (10.26) were derived for positive-chirality D = 8 spinor η:
γ9η = η. In this problem we deal with non-chiral spinor (in D = 8 it’s Majorana spinor, which
is a sum of two spinors with opposite chirality), which makes it necessary to retrieve where
matrix γ9 occurs in generalization of formula BBS (10.26). At the same time we assume that
BBS (10.24)-(10.25) are valid for positive- and negative-chirality spinors separately.
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Now observe that according to the first formula in the solution of Ex. 10.2, in the case of
self-dual 4-form F (on internal manifold) for positive-chirality spinor η+ one has

FmFmη+ = −2F2η+

Therefore due to BBS (10.24) one gets

Fmη+ = 0. (10.98)

Condition for unbroken supersymmetry for internal-indices variation is (see BBS (10.4),
(10.18.2))

∇mε+
1

8
∆−1(∂n∆)(1⊗ γ n

m )ε+
1

12

(
ΓmF(4) − 3F(4)

m

)
ε = 0.

In what follows we first of all employ BBS (10.14), (10.20.1), (10.20.3), (10.8) and then con-
straints BBS (10.24), (10.25) deduced from independent requirement of supersymmetry, then
equation

γ n
m = γmγ

n − δnm,

which will lead us to (as soon as in D = 3 2-component spinor ζ is Majoarana and considered
here η is Majorana too, we don’t have any complex conjugate terms in what follows)

0 = ζ ⊗
(
∇mη +

1

8
∆−1(∂n∆)γ n

m η

)
+

+
1

12

(
∆−3/4(1⊗ γmF) + ∆3/2(1⊗ γmγ9f) + 3∆3/2fm(1⊗ γ9)− 3∆−3/4(1⊗ Fm)

)
(ζ ⊗ η) =

= ζ ⊗
(
∇mη +

(
1

8
∆−1(∂n∆)γ n

m −
1

8
∆−1γmγ

nγ9∂n∆ +
3

8
∆−1(∂m∆)γ9 −

1

4
∆−3/4Fm

)
η

)
=

= ζ ⊗
(
∇mη −

(
1

8
∆−1(∂m∆)(1− γ9)− 1

8
∆−1(∂m∆) (3γ9 − 1) +

1

4
∆−3/4Fm

)
η

)
.

Multiply last equation by P− (which will give η+ in the last term of r.h.s. of the last equation);
then due to (10.98) this equation reduces to

∇mη− −
3

4
∆−1(∂m∆)η− = 0,

which after rescaling ξ− = ∆−3/4η− may be rewritten as

∇mξ− = 0.

Multiplication of our internal supersymmetry constraint equation by P+ will give

∇mη+ +
1

4
∆−1(∂m∆)η+ −

1

4
∆−3/4Fmη− = 0.

After rescaling ξ+ = ∆1/4η+ this will give us

∇mξ+ −
1

4
∆−3/4Fmξ− = 0.

95



Problem 10.8
Cosmological constant Λ adds the term

SΛ = −
∫
d10x
√
−GΛ

to the action BBS (10.75). This term shows itself in Einstein equations as additional term in
energy-momentum tensor BBS (10.83):

δΛTMN = −ΛGMN . (10.99)

As one can see, transition BBS (10.84) → BBS (10.85) affects right-hand matter side by mul-
tiplication by minus factor together with some exponential ∼ e2A factor, coming from metric
ansatz BBS (10.80). In our case of additional energy-momentum tensor term (10.99) one shall
add positive term ∼ Λe2A to r.h.s. of BBS (10.85). Then one proceeds in a trivial way to
equation, analogous to BBS (10.86) with additional positive term on the r.h.s., which will not
change therefore the line of contemplations, applied to BBS (10.86) to prove vanishing of fluxes
and trivialization of warp factor.

Problem 10.9
We are on Calabi-Yau three-fold CY3 and we want to construct D = 4 potential of field G3

via method of Kaluza-Klein reduction. It means that we take G3-term from the action BBS
(10.75)

S = − 1

4κ2

∫
d10x
√
−G |G3|2

Imτ
(10.100)

and perform integration over internal manifold CY3 (which will eliminate all Kaluza-Klein
excitations leaving us with only zero modes):

S =

∫
d4x
√
−g4V ,

where scalar potential for moduli field has the form (according to problem statement complex
dilation field τ is constant and may be taken out of integral):

V = − 1

4κ2Imτ

∫
d6x
√
g6|G3|2.

Now observe that because 3-form G3 is imaginary self-dual on 6-manifold (see BBS (10.97)),
then ∫

d6x
√
g6|G3|2 = −

∫
G3 ∧ ?Ḡ3 = −i

∫
G3 ∧ Ḡ3.

Therefore scalar potential is given by

V =
i

4κ2Imτ

∫
G3 ∧ Ḡ3.

Then note that among harmonic 3-forms on CY3 we have only Ω, χα and conjugate to them.
Flux form G3 is harmonic (on-shell) and it’s also imaginary self-dual. Therefore, according to
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table on p. 487 BBS, we are able to expand G3 in terms of imaginary self-dual forms χα and
Ω̄:

G3 = AΩ̄ +Bαχα. (10.101)

Introduce complex-structure moduli metric

Gαβ̄ = −
∫
χα ∧ χ̄β̄∫
Ω ∧ Ω̄

.

Then integrating wedge product of (10.101) with χ̄β̄ over CY3 one finds:∫
G3 ∧ χ̄β̄ = Bα

∫
χα ∧ χ̄β̄ = −BαGαβ̄

∫
Ω ∧ Ω̄

and therefore

Bα = −Gαβ̄

∫
G3 ∧ χ̄β̄∫
Ω ∧ Ω̄

.

Integrating wedge product of (10.101) with Ω over CY3 gives

A = −
∫
G3 ∧ Ω∫
Ω ∧ Ω̄

.

Therefore we obtain the following expansion:

G3 = − 1∫
Ω ∧ Ω̄

(
Ω̄

∫
G3 ∧ Ω +Gαβ̄χα

∫
G3 ∧ χ̄β̄

)
.

We use this formula to calculate∫
G3∧Ḡ3 =

1(∫
Ω ∧ Ω̄

)2

(∫
G3 ∧ Ω

∫
Ḡ3 ∧ Ω̄

∫
Ω̄ ∧ Ω +Gαβ̄Gγ̄δ

∫
G3 ∧ χ̄β̄

∫
Ḡ3 ∧ χδ

∫
χα ∧ χ̄γ̄

)

= − 1∫
Ω ∧ Ω̄

(∫
G3 ∧ Ω

∫
Ḡ3 ∧ Ω̄ +Gαβ̄

∫
G3 ∧ χ̄β̄

∫
Ḡ3 ∧ χα

)
, (10.102)

where obviously only AĀ- and BB̄-types of terms have survived.
According to BBS (10.101) we know that

∫
G3 ∧ Ω = −W . Using BBS (9.103), (10.103),

(10.105) (the later with just first equality, without equality to zero) we can also easily figure
out that

DαW =

∫
χα ∧G3.

But integration over CY3 in r.h.s. of the last equation is impossible, because G3 is expanded
along χα, not χ̄ᾱ. Therefore we add term

∫
Ω ∧ Ḡ3 to superpotential W , which anyway was

assumed in the text - see BBS (10.108) - and which will have no additional affection on further
computations. As a result we will get

DαW =

∫
χα ∧ Ḡ3.

This is what we now can employ in (10.102).
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According to BBS (10.102), (10.103) we have Kähler metric for τ and ρ moduli space with
components:

Gτ τ̄ = − 1

(τ − τ̄)2
→ Gτ τ̄ = −(τ − τ̄)2,

Gρρ̄ = − 3

(ρ− ρ̄)2
→ Gρρ̄ = −(ρ− ρ̄)2

3
.

And due to BBS (10.105) (again, just formula for DaW , not extremal condition) we have

DτW = − W

τ − τ̄
, Dτ̄W̄ =

W̄

τ − τ̄
,

DρW = − 3W

ρ− ρ̄
, Dρ̄W̄ =

3W̄

ρ− ρ̄
.

Therefore we have the following identity:

Gτ τ̄DτWDτ̄W̄ +Gρρ̄DρWDρ̄W̄ − 3|W |2 = 4|W 2| − 3|W |2 = |W |2.

Due to BBS (10.101) this equals to ∫
G3 ∧ Ω

∫
Ḡ3 ∧ Ω̄

which occurs in nominator of (10.102).
Collecting all results together we obtain

V = − i

4κ2Imτ

1∫
Ω ∧ Ω̄

(
Gab̄DaWDb̄W̄ − 3|W |2

)
,

where a = τ, ρ, α. Finally note, that from BBS (10.103) it follows that

eK(τ) =
1

2Imτ
, eK(zα) =

1

i
∫

Ω ∧ Ω̄
.

Therefore

V =
1

2κ2
eK(zα)+K(τ)

(
Gab̄DaWDb̄W̄ − 3|W |2

)
,

Problem 10.10
Let’s use homology (3, 1)-cycle γ on Calabi-Yau four-fold M (assuming it’s non-zero, which
according to Poincare duality is valid if F 1,3 6= 0) to define moduli space coordinate X =
eK/2

∫
γ

Ω, where Ω is (4, 0) + (3, 1) form, and Kähler potential on complex structure moduli
space is given by

K = − ln

∫
Ω ∧ Ω̄.

If γ̃ is corresponding (1, 3)-cycle, then we can define coordinate H = eK/2
∫
γ̃

Ω̄. Define

Z = eK/2
∫
γ

Ω = eK/2
∫
M

F ∧ Ω,
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where we’ve used Poincare duality between γ̃ and F . Using BBS (9.116) (and BBS (9.106),
which excludes all extra terms from summation there) we obtain

Z = eK/2
(∫

γ̃

F

∫
γ

Ω−
∫
γ̃

Ω

∫
γ

F

)
= X.

One easily observes now that

|Z|2 =
|
∫
γ

Ω|2∫
M

Ω ∧ Ω̄
= |X|2

is extremal at X = 0, where it equals to zero.
If (1, 3) cohomology is zero, then according to Poincare duality (3, 1) homology cycle γ just

shrinks to zero size.

Problem 10.11
From expression of Cristoffel connection through metric tensor

ΓMNP =
1

2
GMK(∂PGKN + ∂NGKP − ∂KGNP )

and tensor transformation law for GMN one may easily derive non-tensor transformation of
Cristoffel onnection:

ΓM
′

N ′P ′ =
∂xM

′

∂xM
∂xN

∂xN ′
∂xP

∂xP ′
ΓMNP +

∂xM
′

∂xS
∂2xS

∂xN ′∂xP ′
. (10.103)

Therefore torsion (see BBS (10.197))

TMNP = ΓMNP − ΓMPN

transforms as a tensor, because non-tensor part of (10.103) cancels out.
Note that according to some definition Cristoffel connection may be assumed to be symmet-

ric in its lower indices. In that case we can construct some different affine connection, which
will be equal to Cristoffel connection plus the half of the torsion.

Problem 10.12
As it’s suggested on BBS p. 483 to get negative term on r.h.s. of BBS (10.86) we are to add
term ∼ (α′)2 of the higher order of string (α′) perturbation theory to effective D7-brane action
BBS (10.90). This term occurs to be equal to

δSloc = −(α′)2T7

∫
R4×Σ

C4 ∧
π4p1(R)

3
, (10.104)

where C4 is type-IIB gauge field. Due to pointed out on pp. 233-234 BBS or Polchinski 8.7
we have the relation Tp = Tp−1

2π
√
α′

between tension of Dp-branes. According to BPS condition

µp ∼ Tp which for p = 3 in Einstein frame is µ3 = T3, we then have µ3 = (2π)4(α′)2T7, and
therefore we can re-express our correction to local source action as BBS (10.91). Then we
substitute expression BBS (10.51) for first Pontryagin class into (10.104), which will give

δSloc =
T7

96
(2πα′)2

∫
R4×Σ

C4 ∧ tr(R2).
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Corresponding correction to r.h.s. of equation BBS (10.86) is given by BBS (10.87) with account
to BBS (10.88), (10.89). Then note that

tr(R2) = dω3,

where ω3 = tr(ω ∧ dω+ 2
3
ω ∧ ω ∧ ω) is Chern-Simons 3-form, where ω is spin connection gauge

form (see e.g. solution of Problem 5.9 here), and therefore the term

dω3 =
1

4!
(dω3)mnpq(dx

m ∧ dxn ∧ dxp ∧ dxq).

won’t give contribution to variation by metric tensor. We then have

C4 ∧ trR2 =
1

4!
(dω3)Cµνλρdx

µ ∧ dxν ∧ dxλ ∧ dxρ,

where due to ansatz BBS (10.80) mixed components of tr(R2) and C4 obviously vanish and
due to BBS (10.81), following from D = 4 space-time manifold being Poincare invariant,
components of 4-form C4 along internal manifold vanish. Symmetry considerations also require
Cµνλρ = C(y)Eµνλρ =

√
−g4C(y)εµνλρ for components of C4, where C(y) is a scalar on internal

manifold (y ∼ xm), which we set C(y) = 1 for further convenience. We then have

C4 ∧ trR2 =
√
−g4d

4xdω3.

Due to pointed here in variation by external metric takes part only

− 2√
−g4

δ

δgµν

∫
d4x
√
−g4 = gµν ,

while variation by internal metric vanishes. As a result energy-momentum tensor is given by

Tµν =
T7

96
(2πα′)2gµν

∫
Σ

dω3,

therefore due to BBS (10.88) one has

Jloc = −T7

96
(2πα′)2

∫
Σ

dω3.

Problem 10.13
According to BBS (10.119), (10.124) metric on conifold is given by

ds2 = dr2 +
r2

9
(g5)2 +

r2

6

4∑
i=1

(gi)2.

Then we know that conifold is a complex manifold, because it was originally presented as
hypersurface in C4 by equation BBS (10.117). Conifold describes a conical singularity parts of
Calabi-Yau three-folds, therefore conifold is Kähler. According to BBS (9.269) we can introduce

100



Kähler form on it. First we are to determine metric components in complex coordinates. Let’s
define complex coordinates (z1, z2, z3) by the following formulae:

dz1 = dr +
i

3
rg5,

dz2 = g2 + ig3,

dz3 = g4 + ig1.

Then metric may be rewritten as

ds2 = dz1dz̄1 +
r2

6
dz2dz̄2 +

r2

6
dz3dz̄3,

the non-zero metric components are g11̄ = 1
2
, g22̄ = r2

12
, g33̄ = r2

12
and complex conjugate to

them (see BBS (9.266)). Kähler form elements are given by Jab̄ = igab̄, and complex conjugate
to them Jāb = −igāb = −i(gab̄)?. Kähler form is then given by

J = igab̄dz
a ∧ dz̄b =

i

2

(
dz1 ∧ dz̄1 +

r2

6
dz2 ∧ dz̄2 +

r2

6
dz3 ∧ dz̄3

)
.

Substitute formulae for zi:

J =
2r

3
dr ∧ g5 +

r2

3

(
g2 ∧ g3 + g4 ∧ g1

)
. (10.105)

Using formulae BBS (10.122), formula (10.105) may be rewritten as

J =
2r

3
dr ∧ g5 +

r2

3
(e2 ∧ e1 + e3 ∧ e4).

Then note that formulae BBS (10.133), (10.135) make G3 imaginary self-dual. Therefore
primitivity condition ?G3 ∧ J = 0 may be checked as G3 ∧ J = 0. Let’s aim to rewrite ω2 in
terms of dr, gi forms, to get G3 expressed through them too. To do it one have to use BBS
(10.122), (10.123) (10.134), which gives ω2 = 1

2
(g1 ∧ g2 + g3 ∧ g4). Therefore (we use BBS

(10.77) with C0 = 0 and gs = eΦ, as it’s assumed on pp. 491-492 BBS)

G3 =
Mα′

4

(
g5 − 3i

r
dr

)
∧
(
g1 ∧ g2 + g3 ∧ g4

)
.

Now it’s obvious task to check primitivity of G3: each term of wedge product G3 ∧ J contains
some basic 1-form twice.

Problem 10.14
We are to find a for which equality

?H = −e−aΦd(eaΦJ)

holds.
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From BBS (10.220) we know that H is (2, 1) + (1, 2)-form, expressed through fundamental
form according to formula Habc̄ = 2i∂[aJb]c̄. Here factor 2 arose from antisymmetrization in
∂[mJb]c̄, which replaced that tensor without any antisymmetrization, as it naturally arises from
BBS (10.220). We perform antisymmetrization only among either holomorphic or antiholomor-
phic indices, but not between them, and insert factors 1

p!
corresponding to antisymmetrization

of p indices. Square brackets assume antisymmetrization, which also assumes corresponding
factor 1

p!
. Finally, all (2, 1) components Habc̄, Hac̄b, Hc̄ab make the same impact on H, and

therefore expansion of H in basis of 3-forms dza ∧ dzb ∧ dz̄c̄ contains Habc̄ 3 times, if other
2 terms are omitted. We assume that antisymmetrization (which is that between holomor-
phic and antiholomorphic indices) was already performed, and corresponding factor 1

3
canceled

factor 3. Therefore

H =
1

2
Habc̄dz

a ∧ dzb ∧ dz̄c̄ + c.c.

If one substitutes now Habc̄ = 2i∂[aJb]c̄ mentioned above, one will get first term of BBS (10.220)
(where differentiation doesn’t bring 2!-related factor, as it’s also pointed above). We will not
write c.c. in what follows for shortness.

Hodge dual form is given by

?H =
1

2
Habc̄ ? (dza ∧ dzb ∧ dz̄c̄) =

=
1

2
Habc̄

1

2
Eabc̄dēf̄gdk̄gmēgnf̄dz

m ∧ dzn ∧ dz̄k̄.

All indices are complex: holomorphic or antiholomorphic. Antisymmetric tensor equals to

Eabc̄dēf̄ = −Eabdc̄ēf̄ = i(gac̄gbēgdf̄ ± permutations),

where we fix, e.g., all holomorphic indices and permutate antiholomorphic. Then one can easily
figure out that

(gac̄gbēgdf̄ ± permutations)gdk̄gmēgnf̄ =

= 2(2gc̄[aδ
b]
[mgn]k̄ + δc̄k̄δ

[a
mδ

b]
n ).

We can use it to proceed with our calculation of ?H. Inserting also expression of H-form
components through fundamental form, pointed above, we will get:

?H = −1

2
∂[aJb]c̄(2g

c̄[aδ
b]
[mgn]k̄ + δc̄k̄δ

[a
mδ

b]
n )dzm ∧ dzn ∧ dz̄k̄.

We can’t use metric tensor to rise and lower indices under the sign of partial derivative, but we
can take that indices out of sign of partial derivative using antisymmetrization property. That
indeed occurs in all cases of our interest:

?H = −1

2

(
2gnk̄∂

[c̄Jm]c̄ + ∂[mJn]k̄

)
dzm ∧ dzn ∧ dz̄k̄ =

= gmk̄∂
[c̄Jn]c̄dz

m ∧ dzn ∧ dz̄k̄ − 1

2
∂[mJn]k̄dz

m ∧ dzn ∧ dz̄k̄ =

= gmk̄∂
[c̄Jn]c̄dz

m ∧ dzn ∧ dz̄k̄ − dJ.
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From the other side
−e−aΦd(eaΦJ) = −adΦ ∧ J − dJ.

According to BBS (10.221)

dΦ = −1

2
gbc̄Hmbc̄dz

m = −igbc̄∂[mJb]c̄dz
m.

Therefore

dΦ ∧ J = − i
2
∂[mJb]c̄Jnk̄g

bc̄dzm ∧ dzn ∧ dz̄k̄ =

=
i

2
ignk̄g

bc̄∂[bJm]c̄dz
m ∧ dzn ∧ dz̄k̄ =

=
1

2
gmk̄∂

[c̄Jn]c̄dz
m ∧ dzn ∧ dz̄k̄.

Now one can clearly see that it should be a = −2.

Problem 10.15
In this problem we are to verify formulae BBS (10.170), (10.173), (10.176) and (10.177). First
two formulae are trivial consequence of things pointed on p. 500 BBS, while the last two
formulae may be obtained in a way similar to that used in the solution of Problem 10.9.

Anyway, on page 469 BBS it was pointed out an important alteration property of sign of
Hodge dual of the form from Lefschetz decomposition. In application to Lefschetz decomposi-
tion of F 2,2, which is provided by BBS (10.169), it means that first and third forms in r.h.s. of
BBS (10.169) are self-dual while second is anti self-dual. Therefore

?F 2,2 = F 2,2
0 − J ∧ F 1,1

0 + J ∧ J ∧ F 0,0
0 ,

which obviously assumes BBS (10.170). Using the result of Ex. 10.4 one gets in a similar way
BBS (10.172). Then due to obvious even-rank form property F 3,1 ∧ F 1,3 = F 1,3 ∧ F 3,1 one
immediately gets BBS (10.173).

Introduce Kähler potential BBS (10.64)

K3,1 = − log

(∫
Ω ∧ Ω̄

)
(10.106)

and corresponding metric

GIJ̄ = −
∫
χI ∧ χ̄J̄∫
Ω ∧ Ω̄

on complex structure moduli space. Note, that Kähler potential doesn’t contain factor i inside
logarithm, which was the case when we were dealing with 3-form Ω on CY3 to achieve reality
of Kähler potential and hermicity of Kähler metric. Now Ω ∧ Ω̄ = Ω̄ ∧ Ω and we don’t need
any i.

Suppose we have h3,1 basic χI (3, 1)-forms. Then we can make an expansion

F 3,1 = AIχI .
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Making wedge product of both sides of the last equality with χ̄J̄ after integration the result
over the whole CY4 and taking into account formula for Kähler moduli space metric one gets

F 3,1 = −GIJ̄χI

∫
F 3,1 ∧ χ̄J̄∫

Ω ∧ Ω̄
.

In a similar way one easily gets (again, remember that 4-forms wedge-commute)

F 1,3 = −GKL̄χ̄L̄

∫
F 1,3 ∧ χK∫

Ω ∧ Ω̄
.

Then we can calculate the value of∫
F 3,1 ∧ F 1,3 = − 1∫

Ω ∧ Ω̄
GIJ̄

∫
F 3,1 ∧ χ̄J̄

∫
F 1,3 ∧ χI .

According to the moduli sense of Kähler covariant derivative, which is shown by BBS (9.122),
one has DIΩ = χI . Therefore due to expression for superpotential (appropriately normalized)

W 1,3 =

∫
Ω ∧ F 1,3,

one gets: ∫
F 3,1 ∧ F 1,3 = − 1∫

Ω ∧ Ω̄
GIJ̄DIW 1,3DJ̄W̄ 1,3.

From equation (10.106) one gets expression
∫

Ω ∧ Ω̄ = e−K
3,1

, therefore∫
F 3,1 ∧ F 1,3 = −eK3,1

GIJ̄DIW 1,3DJ̄W̄ 1,3.

Problem 10.17
From BBS (10.247) it follows gravitational part of low-energy effective action of the form

S =
1

2κ2
11

∫
d11x

√
|g|R, (10.107)

which in the standard form with Newton constant after compactification to four dimensions
has the view

S =
1

16πG4

∫
d4x
√
|g|R. (10.108)

Simple reduction of action (10.107) to four dimensions gives additional multiplier (πd)V for
four-dimensional action. Comparing to (10.108) implies

G4 =
κ2

11

8π2Vd
.

In a similar way, when we have to perform only V-reduction of ten-dimensional theory on the
boundary, we can compare gauge actions: from BBS (10.247) it follows

S = − 1

8π(4πκ2
11)2/3

∫
d10x

√
|g||F |2 →
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→ − V
8π(4πκ2

11)2/3

∫
d4x
√
|g||F |2;

and it’s to be compared to

S = − 1

16παU

∫
d4x
√
|g||F |2.

The result is

αU =
(4πκ2

11)2/3

2V
.

Problem 10.18
Vanishing of supersymmetry variation of dilatino requires

−1

2
(∂/ Φ)ε+

1

4
Hε = 0.

We have decomposition of chiral spinor parameter of susy transformation:

ε = ζ+ ⊗ η+ + ζ− ⊗ η−.

Non-zero flux components and dilaton derivatives are given by BBS (10.202). Then according
to Γ-matrices decomposition BBS (10.209) one gets

(∂/ Φ)ε = (∂mΦ)(γ5 ⊗ γm)(ζ+ ⊗ η+ + ζ− ⊗ η−) =

= (∂mΦ)(ζ+ ⊗ (γmη+)− ζ− ⊗ (γmη−)) =

= (∂aΦ)(ζ+ ⊗ (γaη+))− (∂āΦ)(ζ− ⊗ (γāη−)),

where in the last line we used chirality condition for spinors on internal manifold (pointed, e.g.,
on the top of p. 514 BBS);
and

Hε =
1

3!
HMNPΓMNPε =

1

3!
HmnpΓmnpε =

=
1

3!
Hmnp(γ5 ⊗ γmnp)(ζ+ ⊗ η+ + ζ− ⊗ η−) =

=
1

3!
(3Hābc(ζ+ ⊗ (γābcη+))− 3Hab̄c̄(ζ− ⊗ (γab̄c̄η−)),

where in the last line we’ve used the fact that according to BBS (10.220) 3-form H has complex
structure (2, 1) + (1, 2). Then summarizing some results we get

−2(∂bΦ)(γbη+) +
1

2
Hābcγ

ābcη+ = 0

and complex conjugate to it.
Finally, as soon as for chiral spinor on internal manifold we have γāη+ = 0, then we obtain

γābcη+ = 2(gābγc − gācγb)η+.

Using this result one finally gets

∂aΦ = −1

2
Habc̄g

bc̄.
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Problem 10.19
This is just a routine. We will follow the line of calculations in S. Weinberg ”Cosmology”,
mostly paragraph 1.5.

Einstein equations look like

Rµν = − 1

M2
P

Sµν ,

where reduced Planck mass is defined as MP = (8πG)−1/2. Ricci tensor is given by

Rµν = ∂νΓ
λ
λµ − ∂λΓλµν + ΓλµσΓσνλ − ΓλµνΓ

σ
λσ,

and it was introduced tensor, constructed out of energy-momentum tensor:

Sµν = Tµν −
1

2
gµνT

λ
λ .

Cristoffel connection is given by

Γµνλ =
1

2
gµρ(gρν,λ + gρλ,ν − gνλ,ρ).

For FRW ansatz BBS (10.265) it obviously means

Γµ00 = Γ0
00 = 0,

which in a less trivial but also simple way may be accompanied with elements

Γ0
ij = aȧg̃ij,

Γi0j =
ȧ

a
δij,

Γijl = Γ̃ijl = kg̃jlx
i, (10.109)

where tilde denotes purely spatial values without a(t) factor; spatial metric is given by

g̃ij = δij + k
xixj

1− kx2
,

where xi are 3 flat coordinates of D = 4 (pseudo-)Euclidean flat space, in which D = 3 spatial
subspace of D = 4 FRW space-time is embedded as hypersurface. If it’s a flat case (k = 0),
then xi are just coordinates of D = 3 Euclidean space. In the case of hypersphere (k = −1) xi

are ’spatial’ coordinates of D = 4 pseudo-Euclidean space with line element ds2 = dz′2 − dx′2,
where z′2 − x′2 = a2 gives our spatial part of FRW space, and xi = x′i

a
are dimensionless

coordinates used in notation above. Finally in spherical case we deal with D = 4 Euclidean
space and study hypersurface z′2 + x′2 = a2. Also note that δij is metric tensor of Euclidean
space (in flat coordinates). Then we can calculate connection-related elements:

∂tΓ
0
ij = g̃ij

d

dt
(aȧ), ∂tΓ

i
i0 = 3

d

dt

(
ȧ

a

)
, (10.110)

and

Γ0
ikΓ

k
j0 = g̃ij ȧ

2, Γ0
ijΓ

l
0l = 3g̃ij ȧ

2, Γi0jΓ
j
i0 = 3

(
ȧ

a

)2

, (10.111)
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and Ricci tensor components

Rij = R̃ij − ∂tΓ0
ij + Γ0

ikΓ
k
j0 + Γki0Γ0

jk − Γ0
ijΓ

l
0l,

R00 = ∂tΓ
i
i0 + Γi0jΓ

j
0i,

which according to (10.110) and (10.111) may be rewritten as

Rij = R̃ij − 2ȧ2g̃ij − aäg̃ij, (10.112)

R00 = 3
d

dt

(
ȧ

a

)
+ 3

(
ȧ

a

)2

= 3
ä

a
.

Using (10.109) we can calculate R̃ij at x = 0:

R̃ij = ∂jΓ
l
li − ∂lΓlji = −2kδij.

At x = 0 it takes place δij = gij, therefore because of x is a scalar, we can apply our result to
all points, not just x = 0:

R̃ij = −2kg̃ij.

Then from (10.112) we proceed to

Rij = −(2k + 2ȧ2 + aä)g̃ij.

To compute Sµν first of all note that energy-momentum tensor components are

T00 = ρ, Ti0 = 0, Tij = pgij = pa2g̃ij,

and therefore

Sij =
1

2
(ρ− p)a2g̃ij,

S00 =
1

2
(ρ+ 3p).

Therefore Einstein equations give us

2k

a2
+

2ȧ2

a2
+
ä

a
=

1

2M2
P

(ρ− p).

3ä

a
= − 1

2M2
P

(3p+ ρ).

Subtracting three times first equation and the second equation one gets BBS (10.268), while
second equation corresponds to BBS (10.269), where cosmological constant may be retrieved
as additional term to ρ and p with ρ = ΛM2

P and p = −ρ.

Problem 10.20
Suppose that the following conditions take place:

φ̇2 � V (φ), (10.113)
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φ̈� Hφ̇, (10.114)

and therefore equations BBS (10.287) and BBS (10.288) are valid as slow-roll approximation
to equations BBS (10.282), (10.283). Let’s use (10.114) to be able to employ BBS (10.288)
approximation to conclude that φ̇ ∼ −V ′

H
. Then from (10.113) it follows that

(V ′)2

H2
� V. (10.115)

Also from (10.113) it follows that we can employ BBS (10.287) approximation, which gives
H2 ∼ V

M2
P

. From (10.115) we then obtain

(
V ′

V

)2

M2
P � 1.

Therefore BBS (10.289) is necessary consequence of slow-roll approximation BBS (10.287),
(10.288).

If again we consider slow-roll approximation conditions (10.113), (10.114), then we can use
approximate equations BBS (10.287), (10.288). Divide BBS (10.287) by square of BBS (10.288):

V

M2
P

φ̇2 ∼ V ′2.

Differentiation by φ will evidently give

φ̇2

M2
P

∼ V ′′.

Therefore
M2

P |V ′′/V | ∼ |φ̇2/V | � 1,

which is condition BBS (10.290).
As a result both BBS (10.289), (10.290) are necessary conditions for slow-roll approximation.
From the other side BBS (10.289), (10.290) alone are incapable to give slow-roll approxima-

tion conditions (10.113), (10.114), because they depict necessary conditions on potential V but
do not give relations between this potential and derivatives of inflaton field φ. But if we hold
approximation necessary condition BBS (10.290) and approximate equation BBS (10.288), we
will be able to get another approximate equation BBS (10.287). Indeed, first of all note that
differentiation of BBS (10.282), (10.283) gives

2HH ′ =
V ′

3M2
P

,

3H ′φ̇ = −V ′′,

from which it obviously follows that

φ̇

H
= −2M2

P

V ′′

V ′
. (10.116)
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Formula BBS (10.288) gives V ′ ∼ −3Hφ̇, and therefore from (10.116) we proceed to

φ̇

H
∼M2

P

V ′′

Hφ̇
,

which evidently gives
φ̇2 ∼M2

P |V ′′|.

From BBS (10.290) it then obviously follows (10.113) and therefore approximate equation BBS
(10.287).

11 Black holes in string theory

Problem 11.1
Geodesic equation for massive particle with proper time τ looks like

d2xµ

dτ 2
+ Γµνλ

dxν

dτ

dxλ

dτ
= 0.

In the non-relativistic case |v| � 1 we have dτ 2 = dt2(1 − v2) ' dt2 and relation between
components of 4-velocity vector u0 = dx0

dτ
' 1 � u ' |v| '| dx

dt
|. Therefore we proceed to

equations of motion
d2xi

dt2
+ Γi00 = 0, (11.117)

where latin indices stand for three spatial components. In the weak gravitational field we can
expand metric tensor as small deviation from flat metric: gµν = ηµν + g̃µν (with |g̃µν | � 1), and
therefore Cristoffel connections are expressed as

Γµνλ =
1

2
ηµρ(g̃ρν,λ + g̃ρλ,ν − g̃νλ,ρ),

where once we use non-vanishing derivatives of metric, which are associated with g̃µν anyway,
we are to use in all other multipliers flat metric ηµν . As a result

Γi00 = −Γi,00 = −1

2
(2g̃i0,0 − g̃00,i).

In the case of static metric then we have

Γi00 =
1

2
g̃00,i.

Then from (11.117) we proceed to
d2xi

dt2
= −1

2
g̃00,i.

In the classical mechanics we would have −φ,i on the r.h.s. of the last equation. Therefore we
conclude that

φ = φ0 −
1

2
g̃00,
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or more concretely

φ = φ0 −
G4M

r
.

As soon as φ(r =∞) = 0, then

φ = −G4M

r
,

which is an expression for Newtonian potential Φ. Therefore we conclude that Newtonian
potential indeed relates to metric as Φ = − g̃00

2
.

Problem 11.4
Scwarzschild metric in D dimensions is given by formulae BBS (11.9)-(11.11):

ds2 = −
(

1−
(rH
r

)D−3
)
dt2 +

(
1−

(rH
r

)D−3
)−1

dr2 + r2dΩ2
D−2. (11.118)

When interval is written in terms of dr, dt differentials, or metric tensor is written in t, r
coordinates, then we have coordinate singularity at the horizon r = rH . To get non-singular at
the horizon metric let’s look for the following form of interval (without S2 part):

ds2 = −F (R)

[
R2 dt

2

4r2
H

− dR2

]
.

Comparing to (11.118) one concludes that

F (R)R2 = 4r2
H

(
1−

(rH
r

)D−3
)
, (11.119)

F (R)dR2 =

(
1−

(rH
r

)D−3
)−1

dr2. (11.120)

Divide (11.120) by (11.118) and take square root, assuming that new radial coordinate R takes
only non-negative values:

2
dR

R
=

d(r/rH)

1−
(
rH
r

)D−3
.

Integration will give us

R = R0 exp

(
1

2

∫
d(r/rH)

1−
(
rH
r

)D−3

)
,

where R0 is a constant of integration. Therefore one concludes that

F =

(
2rH
R0

)2(
1−

(rH
r

)D−3
)

exp

(
−
∫

d(r/rH)

1−
(
rH
r

)D−3

)
.

Here one has value 1−
(
rH
r

)D−3
, which is zero at the horizon, and exponenta of negative value,

because integral is taken of positive function (when r ≥ rH) and there’s a minus sign in front
of integral. Therefore nothing will diverge at the horizon, that is F (R(r)) is non-singular at
R = R(rH).
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One can then define coordinates

V = Re
t

2rH , U = −Re−
t

2rH ,

in terms of which interval takes the form

ds2 = F (R)dUdV,

and Kruskal-Szekeres coordinates

u =
1

2
(U − V ), v =

1

2
(U + V ),

in terms of which interval is written as

ds2 = F (R)(dv2 − du2).

Problem 11.5
Consider (t, r) part of non-extremal RN black hole interval BBS (11.60):

ds2 = −hλ−2/3dt2 + h−1λ1/3dr2.

Expand radial coordinate near horizon r0:

r = r0(1 + ρ2).

In what follows we do not keep vanishing powers of ρ higher than 2. Therefore

h ' 2ρ2,

λ '
3∏
i=1

[
cosh2 αi − 2ρ2 sinh2 αi

]
,

and therefore

hλ−2/3 ' 2ρ2

3∏
i=1

cosh−
4
3 αi,

h−1λ1/3 =
1

2
ρ−2

3∏
i=1

cosh
2
3 αi.

Using expressions BBS (11.64), (11.65) one will get

ds2 ' 2ρ2

(
r0

rH

)4

dτ 2 + 2r2
Hdρ

2 '

' 2r2
H

(
dρ2 + ρ2

(
dτ

r3
H/r

2
0

)2
)
,
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from which follows the expression for inverse temperature:

β = 2π
r3
H

r2
0

= 2πr0

3∏
i=1

coshαi.

When r0 → 0 in extremal RN black hole limit, then ri = r0 sinhαi remain unchanged, then
obviously β →∞ and temperature tends to zero.

Problem 11.6
From formula BBS (8.22), which is proved in the solution of Problem 8.12, we conclude about
tension of M2-brane:

TM2 =
2π

(2π`s)3gs
.

We consider three M2-branes wrapping compact subspace T 6 = T 2×T 2×T 2 of D = 11 space-
time of M-theory. We define the volume (surface area) of each T 2 to be (2π)2V . Then Newton
constant in D = 5 is connected to that in D = 11 by formula

G5 =
G11

(2π)6V 3
,

and therefore according to formula BBS (8.9) for G11 (where `P = `sg
1
3
s ) one has

G5 =
πg3

s`
9
s

4V 3
.

Entropy of black hole is given by BH formula

S =
A

4G5

,

where area of horizon surface is determined by BBS (11.48)

A = 2π2r1r2r3,

with parameters ri = 2
√

G5Mi

π
, as it’s stated in BBS (11.49), where Mi = QiTM2. Collecting

all facts together, we can easily figure out that

S = 4
√
πG5M1M2M3 = 2π

√
Q1Q2Q3,

which coincides with general symmetric result BBS (11.56) with account to BBS (11.59).

Problem 11.7
What we know is that real-valued zi given by BBS (11.89) give ∆ = Q1Q2Q3Q4 from equation
BBS (11.88). Here we perform transformation (and complexification):

Q1 → Q1 + iP1,

which means

zi → zi +
i

4
P1.
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Using this formula one can easily figure out the following substitution rules:∑
|zi|4 →

∑
|zi|4 +

1

8
P 2

1

∑
|zi|2 +

1

64
P 4

1 ,(∑
|zi|2

)2

→
(∑

|zi|2
)2

+
1

2
P 2

1

∑
|zi|2 +

1

16
P 4

1 ,

Re(z1z2z3z4)→ Re(z1z2z3z4)− P 2
1

16
(z1z2 + z1z3 + z1z4 + z2z3 + z2z4 + z3z4) +

P 4
1

256
=

= Re(z1z2z3z4)− P 2
1Q

2
1

32
+
P 2

1

128

∑
Q2
i +

P 4
1

256
.

Expressing also (as always, zi are old, defined by BBS (11.89))∑
|zi|2 =

1

4

∑
Q2
i ,

and substituting results to BBS (11.88), one gets

∆→ ∆− P 2
1Q

2
1

4
.

Problem 11.8
There’re several points about complex structure moduli space we are to recall. Complex struc-
ture moduli space is Kähler space with complex coordinates tα and Kähler potential BBS
(11.110) and metric tensor with components

Gαβ̄ = ∂α∂β̄K. (11.121)

Due to possible change of complex structure, Ω is not a holomorphic 3-form, but rather a sum
of holomorphic 3-form with complex structure (2, 1)-forms. This idea may be expressed as

∂αΩ = KαΩ + χα. (11.122)

According to BBS (9.102) complex structure metric is given by

Gαβ̄ = −
∫
χα ∧ χ̄β̄∫
Ω ∧ Ω̄

.

Consistency with (11.121), (11.122) and BBS (11.110) requires, as pointed on the top of p. 395
BBS, that

Kα = −∂αK.
From (11.122) and BBS (11.110) it follows that this condition is equivalent to∫

χα ∧ Ω̄ = 0. (11.123)

This constraint also may be accompanied with∫
χα ∧ Ω = 0, (11.124)
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which is a consequence of the fact that integrated form has not any (3, 3)-terms whatsoever.
Finally, note that Kähler covariant derivative is defined to satisfy

DαΩ = χα.

Rewrite BBS (11.120) in a form (we will integrate this over compact CY3 manifold, and
therefore don’t pay attention that equality is defined only up to exact-form terms)

d

dτ

[
e−U(e−iα+K/2Ω− eiα+K/2Ω̄)

]
= −iΓ.

Integration over CY3 of the wedge product of both sides with e−iα+K/2DαΩ = e−iα+K/2χα gives
equality

L = R,
where

L = e−iα+K/2
∫
χα ∧

d

dτ

[
e−U(e−iα+K/2Ω− eiα+K/2Ω̄)

]
,

R = −ie−iα+K/2
∫
χα ∧ Γ. (11.125)

Due to (11.123) and (11.124) most of terms in the expression for L vanish after integration.
Non-vanishing term contains∫

χα ∧
d

dτ
Ω̄ =

dt̄β̄

dτ

∫
χα ∧ ∂β̄Ω̄ =

dt̄β̄

dτ

∫
χα ∧ (K̄β̄Ω̄ + χ̄β̄) =

=
dt̄β̄

dτ

∫
χα ∧ χ̄β̄ = −dt̄

β̄

dτ
Gαβ̄

∫
Ω ∧ Ω̄.

Therefore one finds

L = −e−iα+K/2
∫
χα ∧ eiα+K/2−U d

dτ
Ω̄ = eK−U

dt̄β̄

dτ
Gαβ̄

∫
Ω ∧ Ω̄.

Here we may also replace ∫
Ω ∧ Ω̄ = −ie−K,

which will give

L = −ie−U dt̄
β̄

dτ
Gαβ̄. (11.126)

Observe that

∂β̄|Z| =
∂β̄|Z|2

2|Z|
. (11.127)

From the other side according to BBS (11.114)

∂β̄|Z|2 = ∂β̄

(
eK
∫

Γ ∧ Ω

∫
Γ̄ ∧ Ω̄

)
=

= eK
∫

Γ ∧ Ω

(
−K̄β̄

∫
Γ̄ ∧ Ω̄ +

∫
Γ̄ ∧ ∂β̄Ω̄

)
=
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= eK
∫

Γ ∧ Ω

(
−K̄β̄

∫
Γ̄ ∧ Ω̄ +

∫
Γ̄ ∧ (K̄β̄Ω̄ + χ̄β̄)

)
=

= eK
∫

Γ ∧ Ω

∫
Γ̄ ∧ χ̄β̄.

Therefore due to (11.127) one gets

∂β̄|Z| =
1

2|Z|
eK
∫

Γ ∧ Ω

∫
Γ̄ ∧ χ̄β̄.

Therefore performing complex conjugation one results in∫
Γ ∧ χβ = 2|Z|e−K∂β|Z|

1∫
Γ̄ ∧ Ω̄

.

From BBS (11.114) it follows that ∫
Γ̄ ∧ Ω̄ =

e−iα|Z|
eK/2

.

Therefore ∫
Γ ∧ χβ = 2eiα−K/2∂β|Z|.

Using this in (11.125) one gets
R = 2i∂α|Z|.

Together with (11.126) this implies

e−U
dt̄β̄

dτ
Gαβ̄ = −2∂α|Z|.

Contraction with inverse metric and complex conjugation immediately bring us to

dtα

dτ
= −2eUGαβ̄∂β̄|Z|,

which is BBS (11.119).

Problem 11.9
The key formula here is BBS (9.116), which in this chapter was used for derivation of BBS
(11.115): ∫

M

Ω ∧ Ω̄ = −
∑
I

(∫
AI

Ω

∫
BI

Ω̄−
∫
AI

Ω̄

∫
BI

Ω

)
.

Insert definitions BBS (9.107), (9.109) of X and F coordinates (we don’t use rescaled BBS
(11.112)) into this formula:∫

M

Ω ∧ Ω̄ = −(XIF̄I − X̄IF
I) = −2iIm(XIF̄I).
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Therefore from

K = − log

(
i

∫
M

Ω ∧ Ω̄

)
one gets

K = − log
(
2Im(XIF̄I)

)
.

According to BBS (9.113), (9.115), rescaling X → λX with corresponding FI → F̃I to be
found means

λ2F (x) =
1

2
λXIF̃I ,

therefore it must be F̃I = λFI . Therefore if we perform a change of variables with I > 0 (these
indices are denoted as α and correspond to (2, 1)-forms, while I = 0 corresponds to (3, 0)-form):
Xα = tαX0, then we are to replace FI by F̃α = 1

X0Fα. Therefore we will result in

K = − log
(

2Im(X0F̄0 + tα ¯̃Fα)
)
.

Problem 11.10
Rotating supersymmetric D = 5 three-charge black hole is given by metric BBS (11.74), where
3-sphere metric BBS (11.73) is written in Hopf coordinates BBS (11.70)-(11.71). Let’s compare
it to BPS black hole BBS (11.142). This gives (there’s a typo in first round bracket of BBS
(11.74), should be two minus signs)

f = λ
1
3 =

3∏
A=1

[
1 +

(rA
r

)2
] 1

3

,

ω =
a

r2
(− cos2 θdψ − sin2 θdφ),

ds2
X = dr2 + r2(dθ2 + sin2 θdφ2 + cos2 θdψ2).

The most general BPS black hole, coupled to vector multiplets (each multiplet is labeled by
index A) with U(1) field strengths’ FA and scalars Y A, must satisfy conditions BBS (11.144)-
(11.147). In our case we have three charges. If we define ΘA to be zero (which automatically
satisfies BBS (11.145)) and Y A in such a way that

fY A = 1 +
(rA
r

)2

,

then BBS (11.147), which in our case reduces to ∇2(fY A) = 0 with four-dimensional spatial
Laplacian, is satisfied because n-dimensional spherically symmetric Laplace equation in space
with n coordinates is solved by rk with k = 2− n. Because of now we know both f and Y , we
can determine field strength FA by BBS (11.144).

Then one can easily observe that Hodge duality in flat four dimensions with metric ds2
X ,

given by

?(dxi1 ∧ dxi2) =
εi1i2i3i4

r3 sin(2θ)
gi3j3gi4j4dx

j3 ∧ dxj4 ,
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where we have used the fact that θ ∈ [0, π
2
], results in

?4dω = −dω,

which also employs the fact that positive-orientation order of Hopf coordinates is (r, θ, φ, ψ).
This result agrees with BBS (11.146) condition.

Problem 11.13
In this problem we are to count the number of states in bosonic left-moving sector of heterotic
string with account to degeneration of total vacuum. The later is equal to 16 - the number of
Majorana-Weyl spinor components of vacuum state of N = 1 D = 10 supersymmetric right-
moving sector. Degeneration of heterotic string state with left-moving excitation number NL

is given by coefficient in front of qN+1, corresponding to given NL by N = NL − 1, in power
expansion ∑

dNq
N+1

of

16trqN̂L = 16
∞∏
n=1

24∏
i=1

trqα
i
−nα

i
n = 16

[
∞∏
n=1

(1− qn)

]−24

,

where trace is performed over all string excitation states in all possible transversal directions
and we use infinite geometric progression summation formula for each transverse direction on
equal footing. As a result, coefficient in front of qNL is composed out of all possible string states
which are eigenstates of N̂L with equal eigenvalues NL. Introducing definition

Z =
∑

dNq
N ,

we will get

Z =
16

q

[
∞∏
n=1

(1− qn)

]−24

,

which with account to definitions BBS (11.163), (11.164) gives BBS (11.162), as required.

Problem 11.15
Consider Einstein-Hilbert Lagrangian

L =
1

16π
R
√
−g =

1

16π

√
−ggµνgρλRρµλν . (11.128)

According to Wald’s formula entropy is given by integral over horizon:

S = 2π

∫
dΩEρµEλν

δL
δRρµλν

,

where Eµν =
√
g2εµν is antisymmetric Levi-Chivita tensor on D = 2 S2 spatial part of the

horizon surface, with g2 being determinant of induced horizon metric. As soon as

ερµελνg
µνgρλ = ελν

1

g2

ενλ =
2

g2

,
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and when we restrict our consideration only towards horizon geometry we are to replace
√
−g →√

g2 in (11.128), then we have

S =
1

4

∫
√
g2dΩ =

A

4
,

which is Bekenstein-Hawking formula.

Problem 11.16
We consider non-extremal three-charge black hole in D = 5 space-time, realized as bound state
of Q1 D1-branes wound around y1 compact direction, Q2 D5-branes wound around y1 · · · y5

compact directions, n left-moving values of KK excitations and all corresponding antibranes
with negative charges and KK momentum n̄ of right-movers. Then if we consider some F1-
string, starting on one ofD1- or D̄1-brane and ending on one ofD5- or D̄5-brane, then according
to level-matching condition BBS (6.13) one will have

nW = NL −NR.

Namely if we consider left-movers with KK excitation number n, then NR = 0, and in the case
of right-movers we have KK excitation number n̄ and condition NL = 0 for short supermultiplet.
Anyway, for modulus of NL or NR we will have the value nW . We have 4 different kinds of
F1-string with W equal to one of the following values:

Q1Q5, Q1Q̄5, Q̄1Q5, Q̄1Q̄5.

Considered here F1-strings leave in compact directions, and therefore each such string has 4
transverse physical directions, which according to supersymmetry requires 4 fermions. Each
F1-string may be considered as independent physical subsystem, and total entropy may be
considered as sum of entropies of each of the subsystem. For modulus of N = NL + NR we
have the value nW , which according to string with world-sheet supersymmetry R-sector mass
formula BBS (4.109) (which contains number of excitation operators we are interested in here)
gives for each F1-string formula BBS (11.95). After this formula is retrieved, all microscopic
calculations of entropy are described on pp. 584-585 BBS. Therefore in the leading order
entropy is the sum of terms for different cases of F1-strings:

S = 2π
∑√

QiQjQk (11.129)

where Qi, Qj, Qk takes on of the following 8 values

n× (Q1Q5, Q1Q̄5, Q̄1Q5, Q̄1Q̄5),

n̄× (Q1Q5, Q1Q̄5, Q̄1Q5, Q̄1Q̄5).

Obviously this may be rewritten as

S = 2π
3∏
i=1

(
√
Qi +

√
Q̄i),

which is BBS (11.69).
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Problem 11.17
Consider D = 4 black hole in type-IIA superstring theory with six compact directions and four
types of charges. Construction of black hole may be understood in terms of the following set
of branes (notation: number, type, directions wrapped by this brane or KK excitation):

Q1 D2 (y1, y6), Q2 D6 (y1 · · · y6), Q3 NS5 (y1 · · · y5), Q4 P y1.

Performing T-duality in y6 direction we will get representation of black hole as

Q1 D1 y1, Q2 D5 (y1 · · · y5), Q3 NS5 (y1 · · · y5), Q4 P y1.

Introduce fundamental F1-string, localized in non-compact directions, connecting D1-brane
and D5-brane and wrapped around closed y1-loop. To start and end at the same point of
compact submanifold T 6, it should go around y1 compact direction Q1Q2 times (assuming that
there’re no common factors for Q1 and Q2). From the other side, while fundamental F1-string
is able to end on D5-brane, S-dual picture requires D1-string to be able to end on NS5-brane.
Therefore we actually should go around closed y1-loop Q1Q2Q3 times for D1-brane to start and
end at the same point of NS5-brane (again, assuming no common factors for Q1Q2 and Q3).
As a result, we will get fundamental F1-string with winding number W = Q1Q2Q3 and KK
excitation number Q4. For short supersymmetry either NL or NR for F1-string should vanish,
and therefore level-matching condition

NL −NR = nW,

where n is KK excitation number, will give the value |nW | for either NL or NR. As soon as
considered F1-string has five transverse bosonic excitation degrees of freedom, it should have
five fermionic degrees of freedom, and then R-sector number operator is expressed as

N =
∞∑
m=1

5∑
i=1

(N i
m +mnim),

where N i
m is bosonic number operator for string excitation level m in transverse direction i,

and similar for fermionic operator mnim. The value of N is equal to either NL or NR. Therefore
we have formula for level-matching condition analogous to BBS (11.95):

Q1Q2Q3Q4 =
∞∑
m=1

5∑
i=1

(N i
m +mnim).

The degeneracy d of state of constructed F1-string is given by number of ways to construct
state with |N | = |Q1Q2Q3Q4| times degeneration N0 = 16 (for type-II superstring) of ground
state. The value of d is given by coefficient of wWQ4 in expansion of generating function

G(w) = N0

∞∏
m=1

(
1 + wm

1− wm

)5

.

Then calculation similar to that provided on p. 585 BBS gives formula (leading term in large
WQ4 limit)

S = 2π
√
Q1Q2Q3Q4,

119



which is BBS (11.84).
Now let’s study rotating three-charge black hole in five dimensions. Again, we perform

counting of microstates of F1-string, which starts on D1-brane and ends on D5-brane. The
black hole is described on p. 574 BBS, while D-brane and KK momentum set-up is the same
as described on p. 583 BBS for three-charge black hole in five dimensions with the difference
that now level-matching condition is not L0 − L̄0 = 0, but L0 − L̄0 = J2. Indeed, now we
are to describe rotating black hole, and therefore we must ascribe non-zero momentum P =
2π(L0 − L̄0) to F1-string, which is Noether current corresponding to world-sheet translations
in spatial coordinate σ (this Noether current is classically used to define string physical states
by zero action on them, but here our F1-string being non-critical - with central charge c = 6
not equal to 15 - breaks conformal symmetry anyway). For F1-string wound around closed
y1 coordinate this effectively looks like angular momentum J2 of corresponding black hole.
Therefore instead of BBS (11.95) we will have level-matching condition formula

|nW | =
4∑
i=1

∞∑
m=1

(N i
m +mnim) + J2.

Thus to get entropy of rotating black hole we may simply use formula BBS (11.103) and replace
there |nW | → |nW | − J2. This will give desired BBS (11.76).

12 Gauge theory/string theory dualities

Problem 12.1
To solve this problem one must recall that ansatz BBS (12.4) for space-time configuration
of M2-brane world-volume is of the same form as ansatz used in Chapter 10 for warp com-
pactification of M-theory on CY4 (formula BBS (10.5)). Indeed they differ by substitution
∆ = H2/3. Supersymmetry constraints BBS (12.3) reduce to BBS (10.22), (10.24), (10.25),
(10.27). Namely constraints related to 4-form flux and warp factor are then

Fη = 0, Fmξ = 0, fm = ∂mH−1 (12.130)

where as in Chapter 10 η is spinor in D = 8 space, ξ = H
1
6η and

F =
1

4!
Fmnpqγ

mnpq, Fm =
1

3!
Fmnpqγ

npq, Fµνρm = εµνρfm.

Proposed 4-form flux BBS (12.5) leads to automatical satisfaction of constraints (12.130) due
to F,Fm = 0, and fm = ∂mH

−1.

Problem 12.2
To find temperature of non-extremal black Dp-brane, we keep only (t, r)-part of the metric
BBS (12.31) and make change of variables: transition to Eucildean time

τ = it
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and expansion of radial coordinate in the vicinity of horizon r = r+

r = r+(1 + ρ2).

As a result we get
ds2 = ∆+∆

−1/2
− dτ 2 + 4r2

+ρ
2∆−1

+ ∆γ
−dρ

2.

Performing expansion of ∆± products to get the form of interval similar to that deduced in the
solution of Problem 11.5, we will result in

ds2 =
4r2

+

7− p

(
1−

(
r−
r+

)7−p
)γ
dρ2 +

(
7− p
2r+

)2
(

1−
(
r−
r+

)7−p
)− 1

2
−γ

ρ2dτ 2

 .

Therefore one easily concludes that inverse temperature is given by

β = 2π

 2r+

7− p

(
1−

(
r−
r+

)7−p
) 1

4
+ γ

2

 ,

which according to BBS (12.32) takes the form

β = 2π

 2r+

7− p

(
1−

(
r−
r+

)7−p
)− 5−p

2(7−p)
 . (12.131)

This formula was deduced only for non-extremal black branes and is not applicable for extremal
black branes. One can easily see it post factum, because it doesn’t give zero temperature for all
values of p < 7 when r− = r+. The reason is that r = r+(1 +ρ2) near-horizon approximation of
radial coordinate, which was used to deduce non-extremal case formula (12.131), gives wrong
form of metric in the extremal case (not the form of planar metric in angular coordinates)
and therefore can’t be used to make any conclusions about periodicity of Euclidean time and
therefore about temperature.

The part of metric BBS (12.31) relevant for calculation of area of horizon is

ds2 = ∆
1/2
− dxidxi + r2∆γ+1

− dΩ2
8−p.

Horizon has topology Rp × S8−p, but we are to calculate entropy per unit volume of Rp, and
therefore we must calculate only spherical part of area:

A = r2
+∆γ+1
− (r+)A8−p = r2

+

(
1−

(
r−
r+

)7−p
)γ+1

2π
9−p

2

Γ
(

9−p
2

) .
Entropy is given by formula

S =
A

4G10

,

where for even p gamma-function is to be calculated with the help of Γ
(
n+ 1

2

)
= (2n−1)!!

2n

√
π

and for odd p with the help of Γ(n) = (n− 1)!
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Problem 12.3
Radius of D = 4 Schwarzshild black hole is given by r1 = 2G4M4, where M4 is ”four-
dimensional” mass. Total mass M of five-dimensional black string also takes into account
mass distribution with some density ρ along the R-line of string. The length of compact line
is 2πR, therefore M ∼ r1R. Area of event horizon is given by A = (4πr2

1)(2πR), and there-
fore entropy of black string is proportional to S1 ∼ r2

1R. At the same time according to BBS
(11.11) mass of five-dimensional black hole is proportional to square of its radius r0. Horizon
is 3-dimensional surface with area of the order r3

0. Therefore S0 ∼ r3
0. Several five-dimensional

black holes, which are supposed to be product of decay of one black string, have total mass and
entropy (additive) of the same order as one of them. Equality of orders of masses of black holes
and black string, required by energy conservation, gives r1R ∼ r2

0, and therefore S1

S0
= k r0

R
.

Observe that in this process 1-brane (black string) has decayed into several 0-branes (black
holes).

Problem 12.4
In this problem we consider matrix representation of su(M |N) superalgebra. To do it note
that corresponding group SU(M |N) is defined as group of transformations of multiplet (b, f),
consisting of M bosons forming vector b and N fermions forming vector f , which leave the
norm of multiplet invariant:

bb̄+ ff̄ = inv. (12.132)

infinitesimally we can build transformation(
δb

δf

)
= i

(
A

C

B

D

)(
b

f

)
, (12.133)

where 2×2-block matrix X on the r.h.s. is matrix of infinitesimal parameters of transformation.
We obviously have requirement for B and C to be matrices with fermionic entries, because
variation of fermion should be fermion, while variation of boson should be boson. For the
condition of symmetry (12.132) to be satisfied it also must be take place the following set of
conditions

A† = A, D† = D, C† = B. (12.134)

Indeed, these conditions mean that (12.133) is unitary transformation and therefore unitary
norm (12.132) is preserved. It’s also assumed the condition of vanishing of supertrace, which is
not meaningful for invariance of (12.132), but which is essential for speciality of the supergroup.

From (12.133) applied to two transformations with different sets of parameters (labeled by
index i = 1, 2) one can calculate Lie brackets (which is the same procedure as commuting
matrices)

(δ1δ2 − δ2δ1)b = i(Ab+Bf),

(δ1δ2 − δ2δ1)f = i(Cb+Df),

where
A = −i([A1, A2] +B1C2 −B2C1), (12.135)

B = i(A2B1 − A1B2 +B2D1 −B1D2), (12.136)

C = i(C2A1 − C1A2 +D2C1 −D1C2), (12.137)
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D = −i([D1, D2] + C1B2 − C2B1). (12.138)

One can easily verify that matrices (12.135)-(12.138) satisfy conditions of unitarity (12.134).
One can also easily calculate that

StrX = trA− trD = i(tr(B2C1 + C1B2)− tr(B1C2 + C2B1)) = 0,

where we’ve used anticommutativity of elements of fermionic matrices B and C together with
possibility of cyclic permutation inside trace (which therefore for fermionic matrices means
antisymmetric cyclic permutation inside trace).

Finally observe that condition StrX = 0, that is trA = trD, makes connection between two
U(1) transformations - invariant subalgebras of {A} and {D} algebras (each such subalgebra is
one-parametric). Therefore this condition leaves us only with one independent U(1) transfor-
mation. Each u(1) algebra element in n× n-matrix representation as element of n× n unitary
matrix group (n = N,M) is a unit matrix times some complex number with unit modulus.
Condition StrX = 0 relates these numbers for two u(1) elements. But if M = N , then this
condition would require both u(1) elements to be exactly the same. Therefore we will get one
independent u(1) element for total X-matrix. This is again unit matrix times some complex
number with unit modulus. This matrix commutes with all other matrices of X, hence it
decouples from SU(N |N).

Problem 12.5
Spinor in D = 5 space-time has 8 components, therefore SYM theory with 16 supercharges
in D = 5 possesses N = 2 supersymmetry. We have 4 rising supersymmetry generators for
massless SYM multiplet. Spin field content is

| − 1〉1 | − 1/2〉4 |0〉6 |1/2〉4 |1〉1,

each field is in adjoint representation of SU(N). R-symmetry group is SU(4) ∼ SO(6).

Problem 12.6
As it’s shown in the solution of Problem 12.7 the metric BBS (12.97) of AdSd+1 in Poincare
coordinates may be rewritten in terms of d+ 2-dimensional Minkowski space-time coordinates
on hypersurface BBS (12.98):

ds2 =
d∑
i=1

dy2
i −

∑
j=1,2

dt2j .

We can introduce spherical coordinates on spatial and time parts separately to rewrite the
metric on that parts in the following form:

d∑
i=1

dy2
i = dv2 + v2dΩ2

p,∑
j=1,2

dt2j = dτ 2 + τ 2dθ2.

Here dv and dτ are elements of radial distances; dΩp (where p = d− 1) and dθ are elements of
angular distances. Evidently BBS (12.98) may be recast as

v2 − τ 2 = −1,
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from which we can easily express τ and dτ through v and dv to get

dv2 − dτ 2 − τ 2dθ2 =
dv2

1 + v2
− (1 + v2)dθ2.

Now the origin of BBS (12.101) is clear.

Problem 12.7
In metric BBS (12.97) (with R = 1) perform coordinate change

z =
1

t1 + yd
dz = − dt1 + dyd

(t1 + yd)2
,

x0 =
t2

t1 + yd
dx0 =

dt2
t1 + yd

− t2(dt1 + dyd)

(t1 + yd)2
,

xi =
yi

t1 + yd
dxi =

dyi
t1 + yd

− yi(dt1 + dyd)

(t1 + yd)2
,

and take into account that
y2

1 + · · ·+ y2
d − t21 − t22 = −1,

y1dy1 + · · · yddyd − t1dt1 − t2dt2 = 0.

As a result starting from BBS (12.97) one will evidently get

ds2 = (t1 + yd)
2(
−dt22 +

∑d−1
i=1 dy

2
i

(t1 + yd)2
+

(dt1 + dyd)
2

(t1 + yd)4

(
1− t22 +

d−1∑
i=1

y2
i

)
−

−2(dt1 + dyd)

(t1 + yd)3

d−1∑
i=1

yidyi +
2t2dt2(dt1 + dyd)

(t1 + yd)3
) =

= −dt21 − dt22 +
d∑
i=1

dy2
i ,

which is metric in flat 2 + d space-time. Transition backwards to Poincare patch metric BBS
(12.97) takes into account constraint BBS (12.98) and therefore describes embedding of AdSd+1

into flat d+ 2-dimensional space-time.

Problem 12.8
We can read Lagrangian of scalar field in EAdS5 from the action BBS (12.115):

L =
1

z3

(
(∂yφ)2 + (∂zφ)2

)
+

1

z5
m2R2φ2.

Equation of motion in curved space-time is

(∆−m2R2)φ = 0,
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with D’Alambertian

∆φ =
1√
−g

∂µ(
√
−g∂µφ) = z5∂µ(z−3∂µφ) = z2(∂2

zφ+ ∂2
yφ)− 3z∂zφ,

where as always square of y-related terms means summation over all four y coordinates. There-
fore equation of motion looks like

z2(∂2
zφ+ ∂2

yφ)− 3z∂zφ−m2R2φ = 0.

Let’s represent field configuration as

φ(z, y) = eip.yφ̃(z),

which will evidently lead to equation

z2∂2
z φ̃− 3z∂zφ̃− (m2R2 + z2)φ̃ = 0.

This equation has general solutions in terms of Bessel functions with assymtotics zα± as z → 0,
where α± are given by BBS (12.117).

Problem 12.9
We start with AdS5 × S5 space-time with metric

gµν = diag{−
( r
R

)2

,
( r
R

)2

,
( r
R

)2

,
( r
R

)2

,

(
R

r

)2

, R2gij}, (12.139)

where gij denotes diagonal metric components for unit sphere, both AdS5 and S5 have the same
radius R. We know that if AdS5 is sourced by ’heavy’ stack of N D3-branes (on its boundary),
which is the case here, then R4 = 4πgsNα

′2 (see BBS (12.28), (12.29)). Introduce the value

f =
R4

r4
.

If we want to construct DBI action for probe D3-brane in AdS5 × S5 background we first of
all shall perform pullback of metric (12.139) on D3-brane world-volume coordinates. As far
as geometric background is fixed, we can naturally choose first four space-time coordinates to
parametrize D3-brane world-volume. We shall also take into account motion of D3 brane along
r and S5 coordinates. Therefore pullback metric on D3-brane world-volume is given by

gαβ = f−1/2ηαβ + f 1/2∂αr∂βr + r2f 1/2gij∂αθ
i∂βθ

j,

where we have used the fact that r2f 1/2 = R2 and denoted unit 5-sphere coordinates by θi.
Bosonic part of free DBI action is given by formula BBS (6.106) with Fαβ = Fαβ and tension

TD3 =
1

(2π)3α′2gs

following from BBS (6.115). Then we result in action

S1 = − 1

(2π)3α′2gs

∫
d4xf−1

√
− det

(
ηαβ + f∂αr∂βr + r2fgij∂αθi∂βθj + 2πα′

√
fFαβ

)
.
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Here x denote first four coordinates of AdS5 - boundary coordinates. Determinant is taken for
4× 4 matrix with indices α, β. There’s also a second term S2 of total DBI action S = S1 + S2

which describes coupling of D3-brane to field A4:

S2 = µ3

∫
A4.

As soon as D3-brane is BPS object then we have related charge and tension for it:

µ3 = TD3 =
1

(2π)3α′2gs
.

Due to symmetry considerations (this actually follows from exact solution BBS (12.25) of type-
IIB supergravity equations) we choose Aµνλρ =

√
|g4|εµνλρ = f−1εµνλρ and therefore we result

in

S2 =
1

(2π)3α′2gs

∫
d4xf−1.

Our result for bosonic DBI action is then

S = − 1

(2π)3α′2gs

∫
d4xf−1

[√
− det

(
ηαβ + f∂αr∂βr + r2fgij∂αθi∂βθj + 2πα′

√
fFαβ

)
− 1

]
.

One can also eliminate explicit dependence of action on α′ by simple change of variables r = uα′,
because f ∼ α′−2. Studying AdS/CFT correspondence we are interested in low-energy limit,
which may be equivalently achieved by sending the distanse between string excitation levels
to infinity: α′ → 0. At this limit bulk theory decouples from boundary theory because square
root of Newton constant κ ∼ gsα

′2 → 0. Energy Eb of any bulk excitation located near
coordinate r gives the value E = gtt(r)Eb = r

α′
Eb when is measured by observer at infinity

(due to redshift). If we hold energy E at infinity and energy Eb fixed in string units this will
lead to requirement of fixed u = r/α′. This is natural radial bulk coordinate for description of
AdS5/CFT4 correspondence.

Problem 12.10
Let’s calculate the volume of cone base T 1,1. Due to BBS (10.120) one has a length element of
T 1,1 defined by formula

dΣ2 =
4

9
dβ2 +

4

9
cos θ1dβdφ1 +

4

9
cos θ2dβdφ2 +

+
1

9
cos2 θ1dφ

2
1 +

1

9
cos2 θ2dφ

2
2 +

2

9
cos θ1 cos θ2dφ1dφ2 +

+
1

6
dθ2

1 +
1

6
dθ2

2 +
1

6
sin2 θ1dφ

2
1 +

1

6
sin2 θ2dφ

2
2.

Well, one can write down 6× 6 matrix for (r, β, θ1, φ1, θ2, φ2) conifold now; of course, I will not
do it here. I just note that it’s convenient to represent

1

9
cos2 θi +

1

6
sin2 θi =

1

9

(
1 +

1

2
sin2 θi

)
.
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Then calculating determinant one immediately reduces 6× 6 matrix of metric to 5× 5 matrix,
which will have three terms of 4× 4 matrices, each term with positive sign. Each 4× 4 matrix
will be proportional to one determinant of 3× 3 matrix; first 4× 4 matrix will reduce to such
a matrix with positive-sign coefficient, the other two - with negative. An interesting feature is
that all terms of complete expansion of total determinant give common multiplier 1

94 . Some
trigonometry gives us then

1

36 · 22
sin2 θ1 sin2 θ2

for determinant of metric on T 1,1. The volume of T 1,1 is then given by

Vol(T 1,1) =

∫
dθ1dθ2dφ1dφ2dβ

sin θ1 sin θ2

33 · 2
=

16π3

27
.

As soon as volume of unit five-sphere (that is its surface area) is given by formula Vol(S5) = π3,
then we indeed result in formula

Vol(T 1,1) =
16

27
Vol(S5).

Problem 12.15
Variation of the action BBS (12.18) by p-form gauge field (which is represented only by its
purely free field term) gives equation of motion

d ? Fp+2 = 0, (12.140)

where ?Fp+2 is (8 − p)-form, Hodge dual to Fp+2. It’s rather simple to check that p + 2-form
field strength given by BBS (12.22) satisfies (12.140). If p-brane world-volume coordinates are
first p+1 coordinates of space-time, then positive-orientation order of coordinates on the whole
space-time is

M10 : (0, 1, . . . , p, r, φ1, . . . , φ8−p),

where we’ve denoted unit sphere coordinates by φi. According to BBS (12.22) the only inde-
pendent non-zero component of field strength is given by

F01···pr = (−1)p+1(7− p)
r7−p
p

r8−p ,

and therefore the only independent component of Hodge-dual field strength is equal to

(?F )φ1···φ8−p =
√
−gε01···prφ1···φ8−pF

01···pr = (−1)(p+2)(8−p)√−gF 01···pr.

As soon as (−1)(p+2)(8−p) = (−1)p
2
, (−1)p

2+p = 1 and

√
−g = r8−pH2−p/2

p

√
g8−p,

where g8−p is determinant of metric for unit (8−p)-sphere (function of φi coordinates), one has

(?F )φ1···φ8−p = (p− 7)r7−p
p

√
g8−p,
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and therefore

?F = (p− 7)r7−p
p

√
g8−pdφ

1 ∧ · · · ∧ dφ8−p = (p− 7)r7−p
p ω8−p.

Then obviously equation of motion (12.140) is satisfied.
Let’s find equation of motion arising from variation of action BBS (12.18) by metric tensor.

Due to variations

δ
√
−g = −1

2

√
−ggµνδgµν ,

δ(R
√
−g) =

(
Rµν −

1

2
Rgµν

)√
−gδgµν ,

δ(∂Φ)2 = ∂µΦ∂νΦδg
µν ,

δ|Fp+2|2 =
1

(p+ 1)!
Fµµ1···µp+1F

µ1···µp+1
ν δgµν .

variation of action by metric tensor is given by

δS(p) =
1

2κ2

∫
d10x
√
−g(e−2Φ

(
Rµν −

1

2
Rgµν − 2gµν(∂Φ)2 + 4∂µΦ∂νΦ

)
+

+
1

4
gµν |Fp+2|2 −

1

2 · (p+ 1)!
Fµµ1···µp+1F

µ1···µp+1
ν )δgµν ,

which gives stationary points by equations of motion

e−2Φ

(
Rµν −

1

2
Rgµν − 2gµν(∂Φ)2 + 4∂µΦ∂νΦ

)
+

1

4
gµν |Fp+2|2−

1

2 · (p+ 1)!
Fµµ1···µp+1F

µ1···µp+1
ν = 0.

Variation of the action by dilaton field gives

δS(p) = − 1

κ2

∫
d10x
√
−ge−2Φ(R + 4∆Φ− 4(∂Φ)2)δΦ,

where as usual

∆Φ =
1√
−g

∂µ(
√
−g∂µΦ).

Equations of motion are then
R + 4∆Φ− 4(∂Φ)2 = 0.

Problem 12.18
Some contours of proof are already sketched in the solution of Exercise 12.3. Let’s state
details. According to BBS (12.63) (applied for µ2 = b2) with account to definition BBS (12.62)
r2 = b2 + (vτ)2 one has the following equation on bosonic propagator (in 0 + 1 space-time):

(−∂2
τ + r2)∆B(τ, τ ′|r2) = δ(τ − τ ′),

which can be rewritten is a form with redefined mass parameter:

(−∂2
τ + r2 − vγ1)∆B(τ, τ ′|r2 − vγ1) = δ(τ − τ ′). (12.141)
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Here γ1 is supposed to take some its eigenvalue.
From fermionic side we have mass matrix mF = vτγ1 + bγ2, and therefore

m2
F = (vτ)2 + b2,

[∂τ ,mF ] = vγ1.

Therefore due to BBS (12.66) one readily gets

(−∂τ +mF)∆F(τ, τ ′|mF) = (−∂2
τ + r2 − vγ1)∆B(τ, τ ′|r2 − vγ1).

Due to (12.141) this leads to

(−∂τ +mF)∆F(τ, τ ′|mF) = δ(τ − τ ′).

References

[1] Becker, K., Becker, M., Schwarz, J.H.: String Theory And M-theory, Cambridge University
Press (2006).

[2] Green, M.B., Schwarz, J.H., Witten, E.: Superstring Theory, two volumes, Cambridge
University Press (1986).

[3] Polchinski, J.: String Theory, two volumes, Cambridge University Press (2002).

[4] Kaku, M.: Introduction to Superstrings and M-theory, Springer Verlag (1999).

[5] Di Francesco, P., Mathieu, P., Senechal, D.: Conformal Field Theory, Springer Verlag
(1997).

[6] Kiritsis, E.: String Theory in a Nutshell, Princeton University Press (2007).

[7] Hawking, S.W., Ellis, G.F.R.: The large scale structure of space-time, Cambridge Univer-
sity Press (1999).

[8] Weinberg, S.: Cosmology, Oxford University Press (1999).

129


